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Abstract
This thesis presents novel stability criteria for n-degrees-of-freedom (n-DOF),
nonlinear manipulators connected bilaterally through a communication channel
that inherits varying time-delays. Central to the approach presented in this re-
search is the proposal of less conservative stability criteria with relaxed assump-
tions with respect to the dynamics of the delay parameters and the system dy-
namics. This research facilitates the design of controllers with more realistic cir-
cumstances of a dynamic system and with an increased DOF. The first part of this
thesis is devoted to designing less conservative stability criteria that are able to
yield a higher stability region as compared with those from other methods in the
literature. The proposed criteria are proven to be valid for both cases of variable
time-delays that vary between zero to a known upper bound as well as interval
varying-delays. Moreover, delay-dependent stability conditions using these crite-
ria are given, which include the consideration of inputs from the human operator
and environments that comply with passivity assumptions normally adopted in
the literature. The second part of this thesis is dedicated to further develop the
proposed stability criteria, and utilize an Integral Sliding Mode Controller (ISMC)
to ensure the system robustness against the physical parameters uncertainty and
external disturbance. The ISMCs are designed with and without velocity mea-
surements and their parameters are obtained using the proposed delay-dependent
stability criteria. In order to further reduce the conservativeness, H∞ design is
used to include the external input forces from the human operator and environ-
ment in the designed stability criteria. With the H∞ technique, it is not necessary
to apply any assumptions regarding the input forces dynamics, therefore the pas-
sivity assumption is relaxed. In addition, the H∞ based delay-dependent stability
conditions ensure system stability within the prescribed attenuation parameters.
Following the theoretical presentation, numerical simulations to illustrate the al-
gorithms designed in this thesis are presented. The outcomes demonstrate the
effectiveness of the proposed research methodologies in this thesis for undertaking
xi





Safety and cost are the principal motivations that have made humans to look for
means to perform dangerous processes from a distance, in order to ensure the op-
erator’s safety. Since the 1950s, researchers started to target the understanding of
such systems and overcome the pertinent problems associated with their investiga-
tions. Tele-operation and tele-manipulation concepts have been used to handle the
tasks that have to be implemented from a distance. Since the invention of the first
tele-operation system, during the mid of 1940s by Goertz, which was introduced
to handle radioactive materials from a distance, the field of tele-manipulation has
grown by leaps and bounds, and it promises to continue as humans still ambitious
to pursue more explorations of the vast environs from the micro-nano domain to
the depth of oceans up to outer space explorations [1, 2].
Fundamentally, a tele-operation system consists of a master device handled by
a human operator on one site and a slave device that interacts with some environ-
ment on another site. The two systems are connected through a communication
channel that often imposes considerable time-delays. The slave system should
track the motion of the master system and often the operator should receive some
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force feedback representing the inertia of the slave and/or its interaction with the
remote environment [3–5].
There are many challenges associated with tele-operation systems. Some of
them are technological, such as robotic system development, and design of suitable
operator interface systems, which have obviously been improved over time. Other
challenges are inherently exist at the system level, and have significant impact on
the performance of tele-operation systems, and on rendering stable systems with
bilateral communication between the master and slave devices. This challenge
becomes significant due to time-delays exhibited by the communication channel
between the master and slave devices. Whether these phenomenological delays
are constants or can be approximated by constant delays (by adding buffers),
their destabilizing effects and the deterioration of performance cannot be ignored.
Development of tele-operative control schemes that can address these problems is
an essential issue, and an active research topic.
Network constraints associated with wired or wireless networks, can result in
random, uncertain, time-varying and none-symmetric delays in the communication
channel between the master and the slave devices. This can make the dynamics
of a tele-operation system of a retarded type, and can create significant challenges
toward the control and stability analysis of these systems. Thus, the Lyapunov
method, which is normally used for stability analysis of systems that are free of de-
lay effects, and described using Ordinary Differential Equations (ODE), is not ap-
plicable , and more advanced methods are needed, such as Lyapunov-Razumikhin
Functions (LRF) and Lyapunov-Krasovskii Functional (LKF) .
The more information about the behaviour of the delays inherited in the com-
munication channel that can be included in the stability analysis, the less conser-
vative sufficient conditions could be obtained from the analysis conducted, hence,
improved stability criteria for the system can be obtained. One of the main scien-
tific challenges in tele-operation systems with unreliable communication channel
is to establish robust bilateral tele-operation control with acceptable performance
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under less conservative conditions for the stability analysis conducted.
Moreover, a tele-operation system is subject to the operator and environment
dynamics, as it is physically interacting with them. Their dynamics can affect
the whole system dynamics, increase the system complexity and compromise both
stability and performance. The robustness of the tele-operation feedback loops
with the existence of time-delays and under the effect of exogenous forces from
the human operator, and the force produced from the interaction with the envi-
ronment is another crucial challenge in tele-operation systems analysis. Applying
some assumptions regarding human operator and environment dynamics is a pop-
ular practice in tele-operation systems analysis in order to be able to incorporate
their effects in the conducted analysis, hence, more precise and less conservative
results could be obtained. However, some of these assumptions are none-realistic
representation for these forces and can produce a conservative results. Thus, an-
other challenge associated with stability analysis of tele-operation systems is to
consider the assumptions imposed on the dynamics of the human operator and
environment forces and relax them.
Furthermore, practical networked robotic tele-operation systems are known to
be nonlinear systems, and are subject to coupled dynamics and different types
of external, time-varying disturbances. All these factors and many others, make
the external disturbance and uncertainty in the dynamic model parameters an
unavoidable issue in the model based control procedures. Their effects should
be considered in order to ensure stable tele-operation systems with optimal per-
formance, where conventional control algorithms tend to fail to account for their
efficiency. Hence, robust control techniques are highly demanded to produce high
performance during the operation of tele-operation systems [3, 6–9].
3
1.2 Aims and objectives
While tele-operation has been an active research topic for several decades now,
there still several unsolved problems. This thesis focuses on the problem of de-
signing improved delay-dependent stability criteria for nonlinear tele-operation
systems with unreliable communication channels. The key research questions ad-
dressed in this thesis are:
• How to devise delay-dependent stability criteria for tele-operation systems
with unreliable communication channels, where the proof of stability should
be given for any tele-operation system that can be modelled as an n-DOF
nonlinear system?
• How to make the devised stability criteria robust to uncertainty and distur-
bance, as well as to external admissible forces from the human operator and
the environment?
The research conducted to achieve these aims is divided down into three major
sages. In stage 1, improved delay-dependent stability criteria are devised and com-
pared with the available literature to show their superiority using similar circum-
stances considered in the literature. In stage 2, the developed criteria are further
improved by relaxing the assumptions imposed on the time delays and dynamics of
the exogenous forces applied by the human operator and the environment. In stage
3, the improved delay-dependent stability criteria formulated in stage 1 and stage
2 are used to devise delay-dependent robust stability criteria using Integral Sliding
Mode Control (ISMC) to ensure robustness against disturbance and uncertainty.
1.3 Main contributions
Inspired by the research background and challenges discussed in Section 1.1 and
the literature review presented in the next chapter, this research undertakes the
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research questions stated in Section 1.2. The research outcomes are useful for
solving tele-operation systems control problems. The main research contributions
are as follows:
1. Novel stability criteria for position-position and position-force control ar-
chitectures aiming at the synchronization of a nonlinear tele-robotic system
is developed, using the Lyapunov-Krasoviskii (LK) methodology. The time-
delay phenomenon is assumed to be time-varying and asymmetric. The delay
variation is considered for two cases; zero to a known upper bound of the
time-varying delay, and the case of interval varying-delay with known upper
and lower bounds. The constructed LKF is a novel augmented functional
that employs information of the upper and lower bounds of the delays in sin-
gle, double, and triple integral terms. An advanced analysis using Wirtinger
integral inequality for single and double integral terms in conjunction with
splitting the integral terms. Reciprocally convex optimization is utilized to
estimate tighter upper bounds for the derivative of the constructed LKF,
and reduce the conservative in the developed criteria.
2. The assumption of passive human operator force and passive environment






is relaxed, and the H∞ design method is utilized to develop the delay-
dependent stability criteria that are robust against the external admissible
forces from the environment and the human operator within a prescribed
performance index.
3. A robust ISMC for position synchronization of tele-operation system with
time varying-delay, disturbances and uncertainty is proposed. The method
brings together the merits of the Lypunov-Krasoviskii design methodology
and the robustness property of SMC into the control design of tele-operation
5
systems. Sufficient conditions for the delay-dependent stability of the de-
signed ISMC is proposed and formalized as a set of Linear Matrix Inequalities
(LMIs).
4. All the designs, analyses, and syntheses developed are conducted by con-
sidering two cases of measurements. Firstly, the velocity measurements are
assumed to be available in addition to the position measurements. While in
the second case, the analyses and designs are conducted depending on the
position measurements only.
5. The obtained delay-dependent stability conditions are given in the form of
LMI, and solved using the LMI toolbox of Matlab to obtain the controller
gains based on the upper and lower bounds of the time-varying delay, whence
the controller gains and upper bounds of the delays can be appropriately
calculated.
6. Numerical examples and simulation studies are performed to demonstrate
the efficacy of the proposed stability criteria using the dynamic model of
a nonlinear tele-operation system. Several comparisons that highlight the
improvement in the results obtained using the derived stability criteria with
respect to some available results in the literature.
1.4 Outline of the thesis
The remainder of this thesis is organized as follows:
Chapter 2 Provides the background information required to understand tele-
operation systems principles. It firstly explains the basic structure of tele-operation
systems, their applications, and the available control architectures to exchange in-
formation between the master and slave devices. Then, a comprehensive review
on the main contributions in control theories for tackling time-delay problems is
presented.
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Chapter 3 This chapter covers the main concepts of time-delay systems, the basic
stability theorems that govern the analysis of time-delay systems. Special consid-
eration is placed on the Lyapunov-Krasovskii approach, main and novel bounding
techniques, effective integral inequalities with close exposure to the ones that are
utilized in this thesis.
Chapter 4 This chapter addresses the problem of building less conservative, delay-
dependent stability criteria for the synchronization problem of tele-robotic sys-
tems. The master and slave robots are assumed to be non-linear systems and the
communication-delays are time-varying and asymmetric. Using the Lyapunov-
Krasovskii methodology, the delay-dependent stability conditions of the closed-
loop system are established in the form of LMIs. The stability criteria derived
are novel, less conservative, and they amend the control parameters and ensure
the stability and transparency of the system for larger bounds of communication
delays.
Chapter 5 This chapter is devoted to further develop the synchronization crite-
ria suggested in the previous chapter to be applicable to non-linear tele-operation
systems with time-varying delays, uncertainty and disturbances. Delay-dependent
sufficient conditions for the existence of integral sliding surfaces are given in the
form of LMIs. The results guarantee the global stability of the tele-operation sys-
tem with known upper bounds of the time-varying delays. Moreover, the analysis
is conducted with relaxed assumptions imposed on the dynamics of the environ-
ment and human operator forces. The H∞ design method is used to involve the
dynamics of these forces in the stability criteria developed and ensure the stability
of the system against these admissible forces in the H∞ sense.
Chapter 6 In this chapter, a summary of the thesis contents and its main contri-







The topic of bilateral tele-operation requires that the designer to be experienced
with several disciplines on top of them control engineering, robotic engineering,
and haptic systems. This chapter presents a review of tele-operation systems,
their basic control architectures, applications, as well as the development of tele-
operative systems over time in terms of the system structures spanning different
generations. It is worth mentioning that the term “structure” in this thesis refers
to the mechanical design of master and slave devices, and the degree of free-
dom offered by their mechanical structure, while the term “control architecture”
refers to the type of information exchanged between master and slave devices used
for designing suitable coupling controllers. Moreover, a comprehensive review on
the solutions to the problems induced by time-delays on the performance of tele-
operation systems is presented. For this purpose, a time-line chart showing early
research milestone contributions is given, and a review on the key assumptions of
time-delay specifications and control methodologies as well as control schemes is
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conducted.
2.2 Principles of tele-operation systems
A tele-operation system consists of a master device, a slave device, and a commu-
nication channel connecting between them. The master device is manipulated by
a human operator, and provides commands (position, velocity or force commands)
to the slave device. The slave device is usually a robotic system located at a remote
site, and acts as the actual performer of the task. The slave device is normally
controlled by the commands issued by the operator through the master device.
It supposed to mimic the motion of the master device, and provide kinaesthetic
feedback to the human operator through a hapticaly-enabled master device. A
schematic diagram that shows the main subsystems of a tele-operation system is
shown in Figure 2.1.
Figure 2.1: A schematic diagram of two robotic systems coupled in a tele-
operation scenario.
2.3 Applications of tele-operation systems
Tele-operation systems are desirable in many situations, which can generally be
summarized in the following circumstances:
• When it is not safe to have a human to perform a task directly on site. Some
examples of these applications include disposing nuclear waste, deploying a
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space robot to perform tasks in an orbit while being under control of its
ground operator, exploring the deep ocean floor to gather scientific data
under manual control of an operator in a safe area, tele-operated vehicles
for gathering information about the enemy to avoid the loss of humans, and
tele-operated devices for remotely deactivating bombs [10].
• When it is required to provide advanced services in rural areas. The first
service of this type was established between St. Joseph’s hospital in Hamilton
and North Bay Hospital located 400 km to the north of Hamilton, Canada
in February 2003 [11].
• When it is impractical to have a human to operate directly on tasks in the
presence of scale difference, e.g. working with a micro surgery device where
a surgeon must operate at a cellular level [2].
• When it is not reliable to have a fully automated robot to perform a given
task, for instance, conducting a surgery where artificial intelligence still can-
not match human hands in dexterity [12].
2.4 Evolvement of tele-operation systems
Robotic tele-operation systems have encountered fast development in their struc-
tures as well as the technology used to control different structures. Table 2.1 shows
some selected examples of research-based tele-operation systems. It highlights the
development in the structure of master and slave devices through different gen-
erations since 2001. By examining this table, three generations of tele-operation
systems structures can be recognized.
A. The first generation is based on joint angles correspondence, where the slave
arm joint angles follow the master arm joint angles. As such, the two robots
have the same mechanical configurations.
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B. The second generation is termed as the generalized coordinate master-slave
structure. The slave coordinate system coincides with that of the master
system. As such, both master and slave systems can have different me-
chanical configurations, e.g. using a joystick as a master device and a six
Degree-Of-Freedom (DOF) robot as a slave device.
C. The third generation is the motion capture-based slave manipulation. The
slave manipulation can be derived by unifying its status with the status
expressed by the master, as in the case of using a motion capture suit.
It is worthwhile to note that there are many similar systems in the literature,
but only several of them are mentioned in Table 2.1. This table aims to highlight
the variation in structures across different generations. It is clear that early at-
tempts rely on using identical master and slave devices, while haptically-enabled
master devices such as force feedback joystick, Phantom Omni, Phantom Premium
devices have become very popular in recent applications.
2.5 Main control architectures of tele-operation
systems
Based on the number and type of measurements exchanged between the master and
slave devices, several control architectures can be recognized. A taxonomy of the
available architectures is given in Figure 2.2, and a summary of these architectures
is given in the following sections.
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Table 2.1: Examples of tele-operation systems spanning different generations and
for different research requirements.
Master Device Slave Device Application Institution Year

































































































Figure 2.2: Tele-operation system architectures.
2.5.1 Unilateral tele-operation
In this architecture, no information is sent back to the master device, and the
slave device status is monitored through a local control system within the slave
itself using a feedback signal within the local system as shown in Figure 2.3. Some
information might be provided to the operator through a vision system.
Figure 2.3: Unilateral tele-operation architecture.
2.5.2 Bilateral tele-operation
In this architecture, some information is fed back from the slave to the master
to reflect the slave device status to the operator. By having a measured signal
reflected to the master device as a feedback, the tele-operator is said to be bilater-
ally controlled. This information is normally measured at the slave using suitable
sensors, such as position sensors, velocity sensors, and force sensors. Based on the
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type and number of measurements available at the slave and master devices, bilat-
eral tele-operation systems can be further categorized into several sub-categories,
as highlighted in the following section and schematized in Figures 2.4 to 2.6.
Figure 2.4: Bilateral tele-operation architectures.
2.5.2.1 Two-channel architecture
In this category, one measurement is provided by each sub-system (master and
slave) and exchanged between them through the communication channel. De-
pending on the type of the measurement available at each side, the following
architectures can be recognized in the two-channel bilateral control:
• Position-Position (P-P) : both master and slave position measurements
are exchanged as command signals between the master and slave systems
through the communication channel. Force feedback is determined based on
the position measurements only.
• Position-Force (P-F) : the position information is provided from the mas-
ter device as commands to be followed by the slave device, while force
(torque) information resulted from the interaction with the environment is
sent back to the master device to reflect the slave device status.
• Force-Position (F-P) : this architecture is an inverted version of the
position-force structure.
• Force-Force (F-F) : only the force measurement is provided and exchanged
between the master and slave devices.
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2.5.2.2 Three-channels architecture
In this category, three types of information are measured and exchanged between
the master and slave devices. Most often, the position and force measurements
are transmitted from the master device, while only the position information is
sent from the slave side. However, the type of information exchanged is highly
dependent on the application.
Figure 2.5: Three channels tele-operation architecture.
2.5.2.3 Four-channel architecture
In this architecture, both position and force information are measured and ex-
changed between the master and slave devices. This type of architectures can
provide the best performance, but with increased cost and complexity.
Figure 2.6: Four channels tele-operation architecture.
2.6 Time-delay in tele-operation systems
One of the significant complications in studying bilaterally controlled tele-operation
systems is the effect of time-delay exhibited by the communication medium be-
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tween master and slave devices. The data transmitted might not be 100% reliable,
and some data might not reach its intended destination, therefore introducing
many difficulties and affecting system stability. The situation becomes even worse
if the time-delay is varying with time, such as the case of internet communica-
tion [21]. Both constant and variable time-delays can cause serious problems in
tele-operation systems in terms of system stability and performance. Time-delay
in a communication channel d(t) can generally be represented using the following
equation:
d(t) = d̄+ ϑ(t) (2.1)
where d̄i ∈ R+0 is a constant value, and ϑ(t) is a time-varying fluctuation.
2.6.1 Constant time-delay in tele-operation systems
Many technical and physical reasons could produce constant time-delays in the
communication lines. This could be owing to performing tele-operation over long
distance such as under sea and outer space operation; slow communication chan-
nels, for example, limiting of the speed of sound during under water acoustic links
that exhibits slow data transfer rates (2 sec for 1700m round trip); delays im-
posed by limiting the speed of light during radio transmission (e.g. 0.4 sec for a
vehicle in low earth orbit), or even computer processing at sending and receiving
stations [3,22–24]. Properties of time-delay in the transmitted and received signal
depend on the communication channel infrastructure which differs from one appli-
cation to another. The time-delay for space application is fairly constant as there
are dedicated links. In the case of a satellite orbiting the planet, the delay does
vary with increasing distance. Another example is undersea applications where the
communication channel is established through cable or sonar. While the delay is
negligible for cable based submersible, it is limited for specific depth. If the sonar
is used, a large time-delay is expected due to the slow velocity of sonar. These
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delays are constant with time, but vary with depth [8]. According to equation
(2.1) if ϑ(t) = 0 then d(t) is reduced to d̄, which is a constant delay value. Within
a bilateral tele-operation system setting, a constant time-delay is either assumed
to be symmetric values in both forward (master to slave) and backward (slave
to master) communication channels, or non-symmetric values, which is a more
realistic representation for practical applications (see e.g. [25], [26], [27]).
2.6.2 Variable time-delay in tele-operation systems
A variable time-delay occurs when using the internet as a communication channel
between the master and slave systems. Tele-operation over the internet is an
active research topic due to its features and challenges [21, 28, 29]. An internet
transmission delay, which is known as latency, could be defined as the total time
required for a data packet to be transmitted from a source to a destination [3].
The internet has its own unique dynamics whereby communicating information
across a wired or wireless network can result in random, uncertain, time-varying,
and non-symmetric delays that can reach high values and lead to loss of packets.
Moreover, the time required to send data through the internet might increase with
growing physical distance between the two sites. Since each node in the internet
has different throughput, different routing policy, different buffering, and different
queue management, this can lead to different handling policies subject to different
data packets at each node. As such, the time required to transmit a packet could
not be predicted since data packets take different routes to their destinations. Such
circumstances, and others, can produce significant latency, especially at certain
times during the day where heavy congestion and poork infrastructure might be
expected. This makes time-delay significant enough to be noticed by humans,
and can cause a dramatic degradation in the system performance, and possibly
instability [28, 30]. According to equation (2.1) with ϑ(t) > 0 time-delay varies
with time, and several representations for the value of ϑ(t) could be recognized in
the literature, as follows. :
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a) Delay varies within an interval, this is very realistic representation for the
time-delay in the internet communication as there are always delays in the
internet medium (see e.g., [31]).
| ϑ(t) |≤ ι < d̄→ d(t) ∈ [d̄− ι, d̄+ ι]
b) Delay varies between zero and a known upper bound, in this case, if d̄ = 0,
then the communication channel considered to be varying between zero delay,
which is the ideal case for a communication channel, and some upper bound
(see e.g. [31–34]).
0 ≤ ϑ(t) ≤ ι→ d(t) ∈ [d̄, d̄+ ι]
It is worth noting that time-delay is normally assumed to be a slow varying-
delay, i.e., the derivative of the varying-delay is often assumed to be less than
one ḋ(t) < 1, from the literature, a fast varying-delay is very rarely considered in
control analysis of tele-operation systems.
2.7 Review of control methodology for robotic
tele-operation systems
Tele-operation systems have a fascinating history that originated from the mid-
1940s when the first master-slave mechanical tele-operative system was developed
by Goertz and his team at the Argonne National Laboratory [1]. The master
and slave robots in this invention had identical structures, and were mechanically
coupled together. The mechanical linkage was soon replaced by electrical motors
and computer controllers in 1954, in order to eliminate the physical connection and
to allow for manipulation of objects over longer distances [21]. Since then, tele-
operation systems passed through several stages in terms of the system structure
and control technology [8,35–38]. The main control schemes in regard to stability of
tele-operation systems with the existence of time-delays are summarized in Figure
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2.7, and presented in the next subsections. These control schemes can generally be
categorized into passive and non-passive control schemes according to the energy
and power considerations of the system.
Figure 2.7: Tele-operation system main control schemes.
2.7.1 Passivity-based control schemes
Many investigations in the literature exploit the basic property of passivity in tele-
operation systems. They represent the early attempts in considering time-delay
problems in tele-operation systems, and they are known as Passivity Based Control
(PBC) schemes. According to passivity theory, a passive system is internally
stable, it can burn energy without being able to produce it, and can be described
precisely in the following definition.
Definition 2.1. [39] A nonlinear system with input u(t) and output y(t) is said to
be passive if there exists a C1 storage function V (x) > 0, V (0) = 0 and a function
S(x) ≥ 0 such that for all t ≥ 0:







The system is strictly passive if S(x) ≥ 0 and loss-less if S(x) = 0.
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This category assumes the availability of position and velocity measurements only,
with the passivity condition is always hold. While most of these control schemes
can ensure stabilization of a tele-operation system under time-varying delays, the
system performance is not guaranteed. In the following section, the main ap-
proaches under this category are discussed.
2.7.1.1 Early attempts on the control of tele-operation systems with
time-delay
In 1963, Ferrell [40, 41] reported for the first time the effect of time-delays on
the performance of tele-operation systems. His experiments demonstrated how to
manipulate simple and complex tasks with transport delays between the master
and slave systems. However, the study was based on open-loop systems, where
stability was never an issue. During the experiments, the operators adopted a
move-and-wait strategy to cope with the delay. Later on, Ferrell conducted another
study of time-delay effects in the presence of force feedback [42]. It was shown that
time-delays in the order of the tenth of second might destabilize a tele-operation
system.
Supervisory control schemes were used by Ferrell to provide high-level com-
mands to the slave device that help stabilize the system [43]. Establishing force
feedback in tele-operation systems increases the necessity to have a simple and
control oriented model for tele-operation systems, in order to help study system
performance and control.
In the late 1980s, Hannaford [44–47] proposed a representation of tele-operation
systems inspired by network theory. He suggested to use his model as a measuring
tool for the performance of tele-operation systems. A simple representation for
the model is shown in Figure 2.8.
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Figure 2.8: Schematic diagram of the two port network representation of tele-
operation system.
Where Zh, Ze are impedance or admittance (depending on the analysis) rep-
resentations for the operator and environment systems, Fi represents the applied
force (efforts) to the system, and vi represents the measured velocity (flow) in the
system for which i = s,m refers to the slave and master systems, respectively.The
behaviour of a network can be represented either as an impedance matrix or a hy-
brid matrix depending on the measurements available from the inputs and outputs
of the system.


















2.7.1.2 Scattering theory approach
The results of Ferrell [42, 43, 48] and the two-port network model of Hannaford
[44, 45] were used by many control algorithms designed to solve the problem of
instability in tele-operation systems caused by transmission delays. Most of the
current studies are based on the work of Spong and Anderson [49], who pioneered
the passivity approach to deal with transmission delays. Telegraphers equations or
transmission line theory were used to describe the dynamics of a power transmis-
sion line between the master and slave in a tele-operation system [35, 49]. Spong
and Anderson [35, 49–51] looked for the first time on the the instability prob-
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lem caused by substantial time-delays in tele-operation systems from the power
and energy perspectives. They showed that the instability problem was due to
non-passive communication channel between the master and slave devices. The
scattering operator (S), which is the rate between the incident wave to the reflected
wave, was used to design a controller for the delay phenomenon in tele-operation
systems. In a two-port network that models a tele-operation system with force
feedback, the scattering operator is a function of the hybrid matrix frequency









where S is the scattering operator, h11(s), h12(s), h21(s), h22(s) are the hybrid
matrix frequency domain parameters. Using their proposed control law which is
based on mimicking a loss-less transmission line, stability of tele-operation systems
could be guaranteed for any constant transmission delay and without restricting
the bandwidth signals [35, 50, 51]. However, the system lacks robustness with
variable time-delays, and it exhibits drift in position tracking.
2.7.1.3 Wave variable theory
The idea proposed by Anderson and Spong [35,49–51] provided a strong basis for
suggesting the notion of wave variable by Niemeyer and Slotine [1, 23, 52]. They
used, for the first time, the notion of wave variable to characterize a new formula-
tion to send and receive information in tele-operation systems. The wave variable
algorithm guarantees the stability of the tele-operation system under arbitrary
time-delays. However, it occurs at the cost of natural feeling (haptic experience)
in general, due to poorly damped reflection. It can also lead to conservativeness in
the sense of reduced performance with respect to providing the user with realistic
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information. Figure 2.9 shows a schematic diagram of the wave variable control









where um and vs are the wave variables to be transmitted, instead of the orig-
inal signals, ẋm, and Fs. The variable b is the characteristic impedance of the
transmission line.
Figure 2.9: Schematic diagram of the wave variable control in tele-operation
systems.
2.7.1.4 Further developments on wave variables
The assumption of modelling the master and slave systems as a purely passive
elements, by neglecting any non-ideal dynamics due to amplifiers and sensors,
can disrupt the behaviour of the controller and degrade the system performance.
An expanded model of the master and slave system was introduced by Tanner
[53], whereby additional compensation elements to overcome these disruptions and
restore passivity were used to improve the wave variable theorem. He argued that
by appropriate dissipation of the injected energy with a first-order filter in the
forward wave path, the passivity of the overall system could be guaranteed [53].
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Motivated by the use of the internet as a modern communication medium
between the master and slave devices in a tele-operation system, further devel-
opment was conducted to make the system with wave variable control robust for
time-varying delays [52]. Chopra et al. [54] suggested that time-varying gains in-
serted into the wave transformation of the communication block could guarantee
passivity for arbitrary time-varying delays. Moreover, an additional controller was
added at the master and slave sides, which used the delayed position data from
both the master and slave devices to provide a reference signal as a solution for
the problem of position drift between the master and slave devices.
It is worthwhile to mention that stability in the early algorithms such as scat-
tering operators and wave variables are of the delay-independent type, and they
do not consider the performance of the system, as such, the transparency perfor-
mance is poor [49]. A schematic diagram showing the problem of time-delays in
early contributions and methods to eliminate their effects is given in Figure 2.10.
Figure 2.10: Time line for the milestone attempts that consider the delay prob-
lems in tele-operation systems.
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2.7.1.5 Lyapunov-based state feedback with damping injection
Modified PID controllers have been successfully applied to tackle the synchroniza-
tion problems of tele-operation systems with the assumption of passive human
operator and passive environment. This approach is using position measurements
explicitly in the design and adds damping parameter to the PID controller to en-
sure passivity and avoid position drift in the system. It was first introduced by
Lee and Spong in [26] for nonlinear tele-operation systems with constant time de-
lay. More recently, delay-dependent control algorithms are proposed by employing
Lyapunov-Krasoviskii (LK) stability analysis to develop delay-dependent stability
for time-delay systems (see e.g. [1, 8, 21, 30, 55–63]). Several researchers extended
this methodology to be used with tele-operation systems using the modified PID
controllers. In terms of the dynamics of the human operator and environment, in
addition to the passivity assumption where both human operator and environment
are assumed to be passive (see e.g. [64–66]), the dynamics of the human operator
and the environment are needed to comply with the following condition always
(see e.g., [31–34]): ∫ t
0
(Fh(s)ẋm(s)− Fe(s)ẋs(s))ds ≥ 0
Which is not necessary hold during all the system operations, and can add further
conservativeness to the developed stability criteria, where Fh is the force applied
by a human operator, Fe is the force produced from the interaction with the envi-
ronment, ẋi, denote the generalized coordinates of the slave and master systems.
2.7.1.6 H∞ design method
A commonly used class of robust controllers is the well-known H∞ controllers.
The main objective of this controller is to minimize the H∞-norm of the transfer
function pertaining to the system and design a controller with known disturbance
attenuation properties. With tele-operation systems, H∞ is a natural extension
of the Lyapunov-Krasoviskii methodology to assign upper bounds for the exter-
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nal system disturbance wm, ws on the master and slave sides respectively, some
examples are available in [67–72].
w(t) = [wm ws]
T ,
z(t) = [(xm − xsd) (xs − xmd)]T ,
y(t) = [xm xs]
T ,
u(t) = [Fm Fs]
T ,
where xi denote the generalized coordinates of the slave and master systems, xid is
the delayed version of xi. Figure 2.11 shows a representation of the H∞ controller
for a tele-operation system, where w(t) is the exogenous disturbance input to the
system, z(t) is the performance index which is normally set as the tracking error
between the master and slave devices, y(t) is the system output, and u(t) is the
system input.
Figure 2.11: H∞ design method with tele-operation system.
The objective of H∞ design method is to design proper controller so that a
minimum characterization level γ can be obtained by minimizing the norm of the







An adaptive controller is used to estimate the variation in the physical parameters
of the tele-operation system to improve system performance and stability, in order
to deal with parametric uncertainty inherited in the system model parameters and
time-varying external disturbance. In [73–75] adaptation rule θ̂i was designed and
stability of the system was improved by constructing a suitable Lyapunov function.
In [76–78], approximation properties of fuzzy systems and neural networks were
used to approximate the uncertainty and disturbance and to cancel their effects.
Mmẍm + Cmẋm +Gm = Fm + Fdm + Fh,
Msẍs + Csẋs +Gs = Fs + Fds − Fe,
where, Mi(xi), Ci(xi, ẋi), and Gi(xi) are the system physical parameters that in-
clude uncertainty, Fdi is the external disturbance to be estimated.
Mi = Mio + ∆Mi,
Ci = Cio + ∆Ci,
Gi = Gio + ∆Gi.
Thus dynamical model will be rewritten as follows:
Mmoẍm + Cmoẋm +Gmo = τm + Fh + Ymθ̂m,
Msoẍm + Csoẋm +Gso = τs − Fe + Ysθ̂s.
2.7.2 Non-passive control schemes
Various control strategies assume the existence of force measurements in addition
to the velocity and position measurements. These control schemes include mea-
suring a force signal at one side of the tele-operation system (for example at the
slave robot), transmitting it through the communication channel, and then apply
it directly to the other side (such as master device). This means that an unknown
amount of energy is injected into the master device, and the system is no longer
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passive. Furthermore, when a direct force is fed back to the master device, the
difference between the applied force and the reflected force is governed by an accel-
eration term, which is dominated by the high-frequency impact signal. This can be
avoided only if the dynamic model of the robot is modelled as a pure inertia term.
This is the reason why most available studies that consider direct force reflection
are based on linearized tele-operator models [79, 80]. In the following section, a
discussion on the main approaches that consider non-passive circumstances are
given.
2.7.2.1 Direct force reflection
Position and/or velocity measurements are transmitted from the master to the
slave, while force measurement is sent back from the slave to the master. In this
scheme, a force sensor is used at the slave side to provide force measurements to
the system [79].
Fm = βmFsd,
Fs = ks(xmd − xs),
where ki is a gain parameter, βi is a damping injection parameters. The control
law in this control scheme provides delay-independent lag synchronization between
the master and slave devices.
2.7.2.2 Shared compliance control
This scheme is similar to direct force feedback control in providing force measure-
ments through a force sensor. However, additional improvement is incorporated
by adding a low-pass filter Gf on the slave side, in order to properly apply the
position commands issued by the master device [79].
Fm = βmFsd,
Fs = ks(xmd − xs) +GfFe.
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2.7.2.3 Four channels control
Both velocity and force information are transmitted between the master and slave
devices, therefore force sensor is provided on the master and slave sides. The
general four channel bilateral controllers have additional local control loops at
the master and slave sides, in order to have a wider stability region for the tele-
operation system [81, 82]. The basic architecture of the four-channel controller is
a transfer matrix with six entries, denoted as c1, c2, c3, c4, Cm and Cs, as shown
in Figure 2.12.
Figure 2.12: Four channels control scheme.
All two-channel architectures discussed before are special cases of this gen-
eral four-channel architecture. A specific two-channel architecture can be easily
obtained by setting suitable control parameters to zero [83], [81], and [82].
Fm = −cmẋm + c4ẋs + c2Fe,
Fs = −csẋs + c1ẋm + c3Fe
2.7.2.4 Sliding mode control
Fundamentally, the sliding mode controller (SMC) design is based on constructing
a stable surface si that represents an ideal behaviour to be followed by a system.
Then, a proper controller that drives the system to the ideal sliding surface in-
troduced earlier is designed [84]. The first attempt to apply conventional SMC
to tele-operation systems was made by Buttolo et al. in [85], with a system free
from time-delays. This was followed by design a modified SMC independent of
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delay variations by Park and Cho [86, 87] and using linear dynamic model of the
tele-operation system. Direct force feedback with SMC is proposed by employing
another technique to ensure the system stability with the existence of this extra in-
jected force. For instance, SMC has been used with impedance control techniques
to deal with force feedback at the master side in [88, 89]. These early attempts
were followed by successful application of different types of SMCs to tele-operation
systems with varying time-delay, see e.g. [90–93] where nonlinear SMC was used,
and [94–96] where finite time SMC was used. In all these studies, the dynamics
of the human operator and the environment were included in the dynamics of the
master and slave system, respectively. Furthermore, the synchronization criteria
developed based on finite-time SMC are stable only with constant symmetric time-
delays. The closed-loop controlled system diverges once the time-delay becomes
asymmetric between the two channels of the tele-operation system, or is varied
with time.
sm = f(xm, xsd),
Fm = f(xm, xsd, sm),
ss = f(xs, xmd),
Fs = f(xs, xmd, ss).
In all the techniques stated before using different types of SMCs there is no delay-
dependent stability criteria suggested using SMCs, the gain parameters of the
designed controllers were chosen independent of the delay value, and SMC were
mainly used to provide robustness toward system’s disturbance and parameters
uncertainty.
2.7.2.5 Model predictive control
In this scheme, the model of the master device is considered at the slave site
explicitly, and similarly, the model of the slave is considered at the master side.
These models are used to provide a sequence of predicted commands to be executed
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whenever the communication channel is broken due to large time-delays. The
simplest form of this scheme is the use of Smith predictor, which requires the
system model in its structure [97–99]. Recently, bilateral generalized predictive
controller, which takes into account force feedback, has been used by Salama and
co-workers in their work [100–103].
2.7.2.6 Disturbance observers
Disturbance observer was first introduced to the control community for motion
control applications in 1983 by Ohnishi et al. [104]. Then, it had been applied
to various industrial tasks as a technique to estimate and cancel the disturbance
and nonlinear dynamics that might affect system behaviour. With tele-operation
systems, a disturbance observer is used as a disturbance suppression technique by
treating the time-delay as a communication network disturbance that should be
suppressed by a communication disturbance observer [105]. In this framework,
the time delay system is transformed into a closed-loop between a stable nominal
system and a perturbation element depending on the delay. This technique has
been used for constant and variable time-delay, e.g. [106], [107], [108], [109], and
[110], where detailed analysis is given for a linear representation of the robot
manipulators dynamics, ignoring all non-linearities and coupling issues involved in
the manipulators of multiple degrees of freedom.
2.7.2.7 Event-based control
A smart control technique that is different from all other traditional control meth-
ods. This event-based approach was first introduced by Xi and Tran [111] for
robotics control. The basic principle of this technique is to use another variable
rather than time, e.g. sensor measurements, as a reference variable to design a
controller for a robotic system. As a result, the system input is a function of the
system output, and is independent of time. With this technique, variable time-
delays have less effect on the controlled systems as they are not a function of time,
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therefore yielding a stable system with reasonable performance. This concept has
been employed to solve the problem of time-delays in the communication channel
of tele-operation systems in [6,30,112–116] for mobile robot tele-operation through
the internet. The control algorithm was relied on reflecting the velocity information
to provide force feedback for the operator. The controlled system was successful
to some extent, however, it was difficult to use this control scheme with all types
of environments, and the mobile robot was compelled to stop at a distance from
any obstacle to maintain stability of the system. This restriction make this control
scheme hard to be extended to the tele-operation of robotic manipulators where
direct interaction with the environment is a natural part of many applications.
2.8 Performance evaluation for tele-operation sys-
tems
As a closed loop system, maintaining stability is the main goal of bilaterally con-
trolled tele-operation systems. However, achieving the desired performance is one
of the most important issues, which is as important as stability for tele-operation
systems [117]. To evaluate the system performance, several criteria have been
suggested in the literature, such as accuracy of the force reflected from the slave
to master through the communication channel (tele-presence), task completion
time [46, 48], and sum of squared errors [48]. These performance indicators are
highly dependent on the task to be accomplished, the designed bilateral controller,
and reliability of the communication channel [46,47,82,118–120].
Maintaining closed coupling between the human operator and the environment
in a tele-operation system should be assured in order to improve system perfor-
mance. This could be achieved by firstly maintaining position tracking between
the master and slave devices. Then, the environment force acting on the slave
should be displayed precisely to the master. These two goals ensure transparency
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of the system. A clear definition of the performance evaluation has been suggested
by Lawrence [121], and the control structures that can achieve ideal transparency
has been given in [122, 123] using four channels control, which has been further
developed later in [124] to be only three channels control.
In general, for performance comparison purposes, the following aspects need to
be examined
• Stability region for the bilaterally controlled tele-operation sys-
tems. Delay-dependent stability is less conservative than delay-independent
stability. Meaning that it can give more precise stability region for a system,
therefore, this type of analysis is more preferable and can provide a controller
with improved performance.
• Synchronization performance. Position tracking error between the mas-
ter and slave devices should be minimized and ideally, it should be zero
when there is no interaction with the environment, i.e., Fe = 0 and bounded
otherwise.
• Tele-presence with free motion. Inertia and damping perceived by the
human operator when there is no interaction with the environment, i.e.,
Fe = 0 should be minimized and ideally, it should be zero.
• Tele-presence with constrained motion. Stiffness perceived by the hu-
man operator when interaction with the environment exists, i.e., Fe 6= 0
should be as close as possible to the force generated at the slave side.
2.9 Summary of the literature
Time-delay in a bilaterally controlled tele-operation system is an active and fast
progressing research topic due to its impact on a wide range of applications. Based
on its current status which is covered in the literature review conducted in this
chapter, main conclusions are outlined in the following points:
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• One of the significant complications that arises when studying tele-operation
systems stability is the effect of time-delays exhibited by the communication
medium between the master and slave devices. Data transmitted through
long distances commonly have transportation delays in reaching the intended
destination. This can cause many difficulties and affect stability of the con-
trolled systems. The situation becomes worse if time-varying delays occur
such as the case of internet communication.
• There are two main objectives that should be examined and taken into con-
sideration while applying any control technique for tele-operation systems,
which are stability and transparency. Stability is a critical requirement to
ensure that the tele-operation system is working safely, and transparency
identifies how well the system works.
• Building a controller that assumes a realistic behaviour of the communication
medium can reduce the conservative of the designed controller and identify
more precise stability region for the system. However, most of the available
control algorithms are designed independent of the variations in the delay
value, or by considering only a constant value for the time-delay. Lyapunov-
krasoviskii functional is an effective tool to involve the delay value in the
analysis and to proof the controlled system stability.
• Stability of passive control schemes are strongly dependent on the availability





Fe(s)ẋs(s)ds ≥ 0 always holds. However, this is not
the case in practical applications, and there are only very few analyses that
consider designing a controller that ensures stability of the system with time-
varying delay, disturbance and uncertainty, in addition to exogenous inputs
from the human operator Fh and the environments Fe that are free of any
prior assumptions regarding their dynamics. To tackle such challenge, a
mix of more than two control techniques is required, such as SMC, state
34
feedback controller, with H∞ design methods. Such a controller can provide
the benefits of different control schemes, therefore improving performance
and widening the stability region.
Having provided a background theory and a comprehensive review in bilateral
tele-operation control, the next chapter will present an introduction to the stability
analysis of time-delay systems and the theory behind the novel control analysis
developed in this work.
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Chapter 3
Stability Analysis of Time-Delay
Systems
This chapter provides a comprehensive presentation to the methodology used in
this thesis to address the synchronization problem of tele-operation systems with
variable time-delay. In addition to the notion and preliminaries regarding stability
of time-delay systems using Lyapunov-Krasoviskii method. Moreover, the main
techniques needed to derive delay-dependent stability conditions and to formalize
it in the form of Linear Matrix Inequality (LMI) is also provided.
3.1 Introduction
Stability theory plays an important role in systems theory, and represents the main
requirement for their safety and normal operation. It could be simply defined as
the insensitivity of the system’s states to a small change in the initial states values
or a small variations in the system’s parameters. Consider the following system




where x(t) ∈ Rn is the state vector, f : R+ × Rn → Rn is a continuous function
in t; t is a continuous time variable; ẋ(t) is the evolution of the state with respect
to time, and xo is the initial state of the system. It is clear that the evolution of
the states of such system are dependent only on the current state values of the
system [125]. Let xe ∈ Rn is the equilibrium point of the system where f(t, xe) = 0,
∀t ≥ to, stability of the equilibrium point can be defined as follows:
Definition 3.1. [125] The equilibrium point is stable if for each time to and for
every constant R > 0, there exist some r(R, to) > 0 such that,
‖ x(to) ‖< r ⇒‖ x(t) ‖< R, ∀t ≥ to.
The equilibrium point is uniformly stable if r is independent of to and the equilib-
rium point is unstable if it is not stable.
Definition 3.2. [125] The equilibrium point is asymptotically stable if it is stable
and for each time to there exists some c(to) such that,
‖ x(to) ‖< c⇒‖ x(t) ‖→ 0 as t→∞.
Asymptotic stability conditions require that the initial states of a system to
be within the region of attraction, which is a finite set of initial conditions, hence
they are local properties of a dynamic system. If r can be infinite in the Definition
3.2, then the system is globally asymptotically stable.
Having defined the stability and asymptotic stability of a dynamic system that
is free of delay, now we are ready to state stability theorem for these systems.
Lyapunov stability theorem for continuous time systems is stated as follows:
Theorem 3.1. [125] Considering the system given in equation 3.1. The system
is stable at the equilibrium point xe, if there exists a continuously differentiable
positive definite function V (t, x(t)) such that V̇ (t, x(t)) = d
dt
V (t, x(t)) ≤ 0, and
the system is asymptotically stable if V (t, x(t))→∞ as ‖ x(t) ‖→ ∞.
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In the following section the extension of Lyapunov theorem to consider the
stability of time-delay systems is presented.
3.2 Stability of Time-Delay Systems
Time-delay systems (TDSs) are systems where the evolution of their states de-
pends on the values of the past states [126]. Early attempts that consider stability
analysis of TDSs are mainly based on the frequency domain methods by determin-
ing the distribution of the roots of their characteristic equations, which are suitable
only for systems with constant time delays. Later on, time domain methods be-
come more popular and currently they represent the most common approaches as
they have wider applications and are suitable to any type of systems [126–128].
As for systems that are free of the delay direct Lyapunov method is a powerful
tool to study the stability and performance of TDSs. Two famous Lyapunov meth-
ods for stability and analysis are considered mainly to study time-delay systems in
time domain: Lyapunov-Krasovskii stability theorem and Lyapunov-Razumikhin
stability theorem. However, the complexity involved in these methods made their
application quite limited. By constructing an appropriate Lyapunov function or
functional, sufficient conditions for stability of the system could be obtained. These
conditions can be either function of the length of the delay, which are known as
delay-dependent stability [126–128]. Or delay information is not involved in the
obtained conditions hence, the stability criteria is of delay-independent type. A
functional differential equations are the most popular method to represent TDSs,
it models the evolution of the state over a finite Euclidean space or a functional
space. If d̄ is the maximum delay in a TDS, a general description for system with
time delays is given by [126–128]:
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ẋ(t) = f(x(t), xt),∀t ≥ to,
xt(θ) = x(t+ θ), x(to) = xo,
xto = φ(θ), θ ∈ [−d̄, 0].
(3.2)
Hence, the system requires past information over a time-segment as the initial
condition, i.e., φ = x(t), t ∈ [−d̄, 0], where x(t) ∈ Rn is the system state vector;
xt = x(t+θ); xto ∈ Rn the vector of initial states, and to is the initial time instant.
System 3.2 can be updated to be TDS with variable time-delay d(t) with d̄ is the
upper bound of the variable delay and has the following representation:
ẋ(t) = f(x(t), x(t− d(t))),∀t ≥ to,
x(to + θ) = φ(θ),
ẋ(to+ θ) = φ̇(θ), θ ∈ [−d̄, 0].
(3.3)
Classical Lyapunov theorem given in Section 3.1 can be extended to consider the
stability in TDSs that can take the description given in equation (3.2) or equa-
tion (3.3). The Krasovskii functional of Lyapunov method is the natural exten-
sion of the direct Lyapunov method for ordinary differential equation, while the
Lyapunov-Razumikhin functions are only very similar to use. It is well known that
LK approach yields less conservative results than the LR approach, which makes
it the most dominated approach in the literature. Note that conservativeness of a
conducted analysis is often judged by the maximum allowable delay for a system
to maintain stability [126, 128]. These two famous theorems are given briefly in
the following sections, with special consideration to the Lyapunov-Krasovskii ap-
proach as it is the main focus of this thesis. With Lyapunov-Razumikhin method,
the stability of TDSs can be ensured if the following condition satisfied
V (x(t+ θ)) ≤ V (x(t)), θ ∈ [−d̄, 0].
According to this condition, the solution of the system will not leave the ellipsoid
of V (x(t)) if d
dt
V (x(t)) ≤ 0 along the system trajectory. In the following theorem,
a precise formulation of Razumikhin method is given.
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Theorem 3.2. Lyapunov-Razumikhin Theorem [126–128] For f : R ×
C[−d̄, 0]→ Rn, and u, v, w : R+ → R+ are continuous non-decreasing functions
u(s), v(s) are positive for s > 0, and u(0) = v(0) = 0, v is strictly increasing.
The trivial solution of the system given in (3.2) is
a. Uniformly stable, if there exit a positive definite differentiable function V :
R × C → R+, and u(|x|) ≤ V (x(t)) ≤ v(|x|) such that V (t + θ, x(t + θ)) ≤
V (x(t)), θ ∈ [−d̄, 0], then V̇ (x(t)) ≤ −w(|x(t)|).
b. Uniformly asymptotically stable, if in addition to (a) w(s) > 0 for s > 0 and
the following condition is satisfied: V (t+θ, x(t+θ)) ≤ ρ(V (x(t)), θ ∈ [−d̄, 0],
then V̇ (x(t)) ≤ −w(|x(t)|). where ρ(s) > s for s > 0 is a continuous non
decreasing function.
c. Globally uniformly asymptotically stable, if in addition to (a) and (b), lims→∞
u(s) =∞.
Theorem 3.2 provides sufficient conditions for stability using RF, there exist also
sufficient conditions for stability but using KF given in the following theorem:
Theorem 3.3. Lyapunov-krasovskii Theorem [126, 126, 127] For f : R ×
C([−d̄, 0], Rn → Rn, and u, v, w : R+ → R+ are continuous non-decreasing
functions u(s), v(s) are positive for s > 0, and u(0) = v(0) = 0. The trivial
solution of the system given in (3.2) is
a. uniformly stable, if there exists a continuous diferentiable positive definite
function V : R × C → R, and u(|φ(0)|) ≤ V (t, φ) ≤ v(|φ|C) such that
V̇ (t, φ) ≤ −w(|φ(0)|).
b. Uniformly asymptotically stable, if in addition to (a), w(s) > 0 for s > 0.
c. Globally uniformly asymptotically stable, if in addition to (a) and (b), lims→∞
u(s) =∞.
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By constructing appropriate LKF then by computing its derivative along the
system trajectories, stability conditions for a TDS can be obtained. This approach
is recognized to be powerful tool to conduct stability analysis and design suitable
controllers for TDSs. Using LK methodology two classes of sufficient conditions
can be developed. One approach called delay-dependent stability and based on
including some information about the length of the delay in the constructed LKF.
The other approach is based on constructing simpler LKF and can produce sta-
bility analysis or stabilization criteria that is independent of the delay value and
normally do not involve information about the length of the delay. The former one
is more efficient and yields less conservative results, yet, it is more complicated
and normally include integral terms in order to involve the delay value information
in the energy functional constructed [126–128]. Conservativeness of the proposed
criteria is often judged by the maximum allowable upper bound of the delay which
considered as very important index. Furthermore, for delay-dependent stability
the delay bounds are normally assumed to be zero and some upper bound. How-
ever, the delay might have some non-zero lower bound which is referred to as
interval varying-delay, effective approaches are normally deemed to be applicable
for both cases zero to upper bound and interval varying delays. Stabilization of
unstable systems with delay using feedback controllers can not be implemented
using delay-independent conditions [126–128]. However, the stability conditions
derived with delay-independent stability are suitable for both fast and slow vary-
ing delays without any constrained on the delay derivative. With delay-dependent
stability analysis, suitable techniques are required to estimate the upper bound
of the derivative of the constructed LKF. These techniques are directly affecting
conservativeness of the obtained results, and are helping to obtain numerically
tractable formulation for the derivative of the proposed LKF. Some of the most
effective techniques are the bounding inequalities, delay decomposition techniques,
Free Weighting Matrices FWM, as well as adding an augmented vector. In the
following a brief presentation of these techniques and how they could be employed
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to improve the stability criteria is presented [126–128].
3.2.1 Bounding techniques
Upper bounds of cross terms and quadratic integral terms that are produced from
the derivation of double and triple integral terms in the constructed LKF, are
determined by using some effective inequalities that are differ from each others by
the conservativeness that they might introduce to the stability analysis conducted.
The bounding technique of the cross terms and the integral terms are widely
investigated in the literature [126]. One of the earliest inequalities that is used to
estimate upper bounds to cross terms, is the well known inequality for the upper
bound of a product of two vectors which is given by :
−2ab ≤ aTXa+ bTX−1b,
where a, b ∈ Rn, and X > 0, X ∈ Rn×n. This inequality is very popular and
extensively used in the literature, however, it is known to produce very conservative
results [126]. Later on, several inequalities were proposed and utilized to estimate
the cross terms produced in the derivative of a constructed LKF, and the quadratic
integral terms. In the following the most effective and well known inequalities are
presented .
Lemma 3.1. Park’s inequality: [129] for a(s) ∈ Rna, and b(s) ∈ Rnb are given
for s ∈ ω, where ω is a given interval. Then for any X > 0, X ∈ Rna×nb any














Another inequality that is also introduced to estimate the upper bound of the
quadratic integral terms, is the well known Jensen’s integral inequality given in
the following lemma, which has been the core of many scientific contribution.
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Lemma 3.2. Jensen’s inequality for single integral terms [130]: for any
constant matrix M > 0, M ∈ Rm×n, and scalars b > a, vector function y : [a, b]→















Lemma 3.3. Jensen’s inequality for double integral terms [126]: for any
constant matrix M > 0, M ∈ Rm×n, and scalars c > a, α1 = b − a, α2 = b − c,





















Park’s inequality is further developed to treat the X−1 term using Schur com-
plement lemma to develop another inequality known as Moon’s inequality given
in the following lemma:
Lemma 3.4. Moon’s inequality [131]: assume that a(s) ∈ Rna, and b(s) ∈ Rnb,
and N(s) ∈ Rna×nb are given for s ∈ ω. Then for any X ∈ Rna×na, Y ∈ Rna×nb,


















Recently, significant improvement over the Jensen’s inequality is obtained by
using the so called Wirtinger integral inequalities for single and double integral
terms. These inequalities are developed to encompass the Jensen’s integral in-
equalities, reduce conservativeness in the proposed stability criteria and improve
the results.
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Lemma 3.5. Wirtinger inequality [132]: for any matrix V > 0, and a function
x : [a, b] → Rn, the following inequality holds:∫ b
a


















Another integral inequality introduced recently in [133] to estimate the upper
bound of double integral terms. This inequality is shown to reduce the conserva-
tiveness of the Jensen’s inequality to provide tighter upper bounds for the double
integral terms.
Lemma 3.6. [133]: for any given matrix M > 0 and scalars a and b satisfying
a < b, the following inequality holds for any continuously differential function x in




































The upper limits of the integrals are supposed to be equal in the above men-
tioned lemma, which has further developed and further generalized in [134] to be
suitable for integrals with different limits values as stated in the following lemma:
Lemma 3.7. [134] Given real scalars a, b, c such that a < c and η1 > η2 and any
constant real symmetric positive definite matrix M, ζi(a, b) , ai−bi, i = 1, 2, ... for













 ⊗ M γ,
where, η1 , b − a; η2 , b − c; η3 , c − a; for any scalars a and b, ζ̄(a, b) ,

















xT (u) du ds.
Although the Wirtinger based integral inequalities for double integral terms can
provide improved results, it has some drawbacks due to the time delay term arises
in the denominator of the inequalities which can lead to difficulty in formulating
the derivative of the LKF in the LMI form and might lead to the occurrence
of some nonlinear terms in the LMI. This drawback can be fixed using another
techniques presented in the following sections.
3.2.2 Delay decomposition technique
It has been shown in the literature, that dividing the intervals of the delay in a TDS
into several sub-intervals can increase the information of the delayed states that
are involved in the constructed LKF, and hence, reduce its conservatism [135,136].
The partitioning of the lumped time varying delay d(t) into N segments such that
0 ≤ d(t) ≤ Nd̄, where N is a tuning, positive scalar, and used to partition the
delay interval into N sub-intervals to derive stability results.
Although delay decomposition technique reduce the conservativeness in the
conducted analysis, it can increase the design variables with the increase of the
discretization, hence, increase the computational complexity. Moreover, when the
length of the sub-intervals chosen to be equal, the upper bound of the varying
interval is hard to be obtained from the summation of the sub-intervals, which
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hinder possible information about the delayed state at the end of the delay interval
[137,138].
3.2.3 Free Weighting Matrices
In order to add more degree of freedom to the conducted stability analysis, and
reduce its conservativeness, a zero equality is added to the derivative of the con-
structed LKF. This technique was first introduced by He and co-workers in [139] by
utilizing Newton Leibniz rule. The fact of adding Free weighting Matrices (FWM)
where their optimal values can be obtained by solving the formalized LMIs, can
overcome and reduce the conservativeness significantly. However, one drawback
of this technique is that it can increase the computational complexity as several
slack variables added to the proposed LMI in order to reduce its conservative-
ness [140, 141]. The following zero qualities are true for any matrices N1, N2,
G1, G2, and G3 with appropriate dimensions, and with considering the system
ẋ(t) = Ax(t) + Ahx(t− d̄).
2
[











xT (t)G1 + x
T (t− d̄)G2+ẋT (t)G3
][
ẋ(t)− Ax(t)− Ahx(t− d̄)
]
= 0.
3.2.4 Reciprocally convex combinations
To reduce conservativeness in the proposed LKF, delay decomposition technique is
used to extract more information about the delayed states by partitioning the single
and double integral terms in the derivative of proposed LKF. Applying Wirtinger
based integral inequality to single and double integral terms produce special type
of function combinations called reciprocally convex combinations [142]. Some es-
sential lemmas have been introduced in the literature to handle such combinations
and use them to obtain tighter upper bound and reduce conservativeness that
arises from approximating some of the LKF terms. Reciprocally convex combina-
tion technique given in the following lemma is one of the efficient techniques that
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are used to handle the nonlinear time-varying coefficients derived from applying
delay decomposition technique with Wirtinger based integral inequalities [143,144].
Lemma 3.8. [59, 145]: for any positive scalars α and β with α + β = 1 the
following inequality holds (l is an integer):
1
αl
xT (t) A x(t) +
1
βl

























3.3 Linear Matrix Inequality
The derivative of the proposed LKF, and using the techniques stated before, can
be formalized in the form of LMI, which considered to be powerful tool for control
and design of systems. Any proposed LMI could be solved to give qualitative
and quantitative indices to the system convergence. The LMI formalization is
solved as a convex optimization problem using two types of effective methods, the
ellipsoid method and the interior point methods. Many software packages can
provide efficient solutions to the LMI produced from the stability analysis, Matlab
is one of the most popular ones and is based on the interior point method [146].
Normally, any formalized LMI have the following form:
F (x) = Fo + Σ
m
j=0 xjFj > 0
where x ∈ Rm is a variable vector, Fj ∈ Rn are symmetric matrices for j =
0, 1, ..,m. The inequality above is equivalent to a set of n polynomials, and it is
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simply stating that F (x) is a positive definite matrix, hence, uTF (x)u > 0 for any
non-zero u ∈ Rn.
In order to further clarify the idea of formulation the derivative of a constructed
LKF in the form of LMI the following two examples are given for a linear 1-DOF
dynamic model of the master-slave tele-operation system given in the following
equations:
Fi = (Mis+Bi)vi,
Fm = Fh + Fmc,
Fs = Fsc − Fe,
(3.4)
where Mi and Bi are the manipulator’s inertia and damping coefficients, Fi and vi
are the torque and rotational velocity. Moreover, the i = m, s, indicate master and
slave respectively. An arbitrary constant delay (d̄) sec in the communication chan-
nel between the master and the slave is considered. Using P-P control architecture
to establish the information exchange between the master and slave systems the
following local controllers are used:
Fmc = km(vs(t− d̄)− vm),
Fsc = ks(vm(t− d̄)− vs),
(3.5)
where km and ks are master and slave controllers’ gains respectively. For simplicity,
nominal conditions will be used, thus, Fh = Fe = 0, using these circumstances the






















The master slave system can take the following state-space form:v̇m
v̇s
 =




















the system can be presented in the following
compact form :
ż(t) = Az(t) + Adz(t− d̄), ∀t ≥ to (3.8)
z(t+ θ) = φ(θ), θ ∈ [−d̄, 0].
A possible LKF that can be used to analyze system stability can be given in the
following equation:





The derivative of the LKF with respect to system trajectory is given by the fol-
lowing function:
V̇ (zt) ≤ 2żT (t)Pz(t) + zT (t)Qz(t)− zT (t− d̄)Qz(t− d̄),




the derivative of the LKF can be given by
the following LMI
V̇ (zt) ≤ ζT
ATP + PA+Q PAd
? −Q
 ζ, (3.9)
It is clear that the parameters values that can affect the feasibility conditions
of LMI 3.9 are not related to the delay value in any way, thus the above given
inequality is independent of the delay value and can lead to stability conditions
that of delay-independent type, and can be stated by the following theorem:
Theorem 3.4. The system given in equation (3.8) is globally asymptotically sta-
ble if there exist positive definite matrices P, Q ∈ Rn×n, such that the following
condition holds: ATP + PA+Q PAd
? −Q
 < 0, (3.10)
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Now, to establish delay-dependent stability conditions for the same system
given in equation (3.8) another LKF is constructed using double integral term in
order to ensure the occurrence of the delay value in its derivative as shown in the
following Lyapunov function candidate:










Thus the derivation of the LKF is given by the following equation :
V̇ (zt) = 2ż






By substituting the system dynamics and using Jensen’s inequality given in Lemma




the derivative of the LKF can be given by
the following LMI, and stability of the system can be stated in the next theorem:
V̇ (zt) ≤ ζT
ATP + PA+Q− d̄ATGA−G/d̄ PAd − d̄ATGAd +G/d̄
? −Q− d̄AdGAd −G/d̄
 ζ,
(3.13)
Theorem 3.5. The system given in equation (3.8) is globally asymptotically stable
if there exist positive definite matrices P, Q, G ∈ Rn×n, such that the following
condition holds:ATP + PA+Q− d̄ATGA−G/d̄ PAd − d̄ATGAd +G/d̄
? −Q− d̄AdGAd −G/d̄
 < 0, (3.14)
By examining the parameters of condition given in the inequality (3.14), it is
clear that the delay value is directly affecting the values of all the parameters,
hence, its value is directly affecting the feasibility conditions of the above LMI.
Thus, the above given stability conditions are of delay-dependent type.
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3.4 Conclusions
This chapter presents the general procedure for designing a delay-dependent sta-
bility of time-delay systems, and gives the well-known and the most effective tech-
niques that can be used for this purpose. The main outcomes of this chapter are
stated in the following points:
• In order to reduce conservativeness in the results obtained using a con-
structed LKF, a combination of all the techniques stated in this chapter
is normally used. However, this might increase the mathematical complexity
in the proposed criteria.
• Due to the fact that interval time-delay is more practical representation for
varying time-delay for practical networks, the most effective criteria are the
ones that can provide sufficient conditions of stability for the case of zero to
upper bound time-varying delays as well as interval varying-delay.
• Using FWM is quite efficient technique and helps reduce conservativeness
considerably. However, this technique can add additional slack variables to
analysis and increase the number of variables and the computational burden.
• Delay decomposition technique is shown to be very effective in terms of pro-
viding more information about the delayed state in different sub-intervals.
However, choosing the length of each sub-interval is very critical issue that
should be done with taking into account two main things. First, the sum-
mation of the sub intervals should give the upper bound value of the delay.
Second, mathematical complexity should be kept reasonable all the time.
• Augmented LKF can include more information about the delay on the system
state. As such functional include information not only about the delayed
state but also about the integral of the state over different sub-intervals of
the delay as well as the evolution of the state and its derivative. Hence,
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better results are expected to be obtained using this approach of stability
analysis.
Having provided all the preliminaries and the notion of stability for TDSs,
the next chapter will present one of the the main contributions of this thesis to
utilize the knowledge stated in this chapter to develop delay-dependent stability




Stability Criteria for Tele-robotic
Systems with Time-Varying
Delays
This chapter addresses the synchronization problem of nonlinear tele-robotic sys-
tems, in which the master and slave robots are assumed to be serial manipulators
and the communication delays are assumed to be time-varying and non-symmetric
with known lower and upper bounds. The stability analyses are conducted using
position and velocity measurements by applying Proportional Derivative (PD)
control scheme, and using position measurements only by applying Proportional
(P), and Position Force (P-F) control schemes, with considering passive and non-
passive human operator dynamics. Using the LK methodology, delay-dependent
stability conditions of the closed-loop system are established in the form of LMIs.
The stability criteria derived in this chapter is shown to be less conservative than
some of the existing results within the literature, and they amend the calculation
of the control parameters and ensure the stability and transparency of the system
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for larger bounds of communication delays. Simulation studies are performed to
demonstrate the effectiveness of the proposed stability criteria in obtaining a larger
stability region for the system.
The results of this chapter are published in the following paper: Al-Wais,
Saba, Mohajerpoor, Reza, Shanmugam, Lakshmanan, Abdi, Hamid, and Naha-
vandi, Saeid, ”Improved Delay-Dependent Stability Criteria for Teler-
obotic Systems With Time-Varying Delays.” IEEE Transactions on Sys-
tems, Man, and Cybernetics: Systems (2017).
4.1 System description and assumptions
We consider nonlinear master-slave robotic arms with the following dynamics:
Mm(qm)q̈m + Cm(qm, q̇m)q̇m +Gm(qm) = τm + τh,
Ms(qs)q̈s + Cs(qs, q̇s)q̇s +Gs(qs) = τs − τe,
(4.1)
where the indices m and s refer to the master and slave, respectively; and qi, q̇i, q̈i ∈
Rn, i = {m, s}, are the position, velocity, and acceleration of the master and slave
dynamic systems respectively. Moreover, Mi(qi) ∈ Rn×n is the inertia matrix,
Ci(qi, q̇i) ∈ Rn×n is the matrix representing Coriolis and centrifugal effects, Gi(qi) ∈
Rn is the vector of gravitational effects, τh ∈ Rn represent the torques exerted by
the operator on the master device, and τe ∈ Rn are the torques vector acting from
the environment to the slave. Given that, τh = J
T
mFh, τe = J
T
s Fe, where Ji is
the jacobian matrix of the the corresponding robotic arm. Fh ∈ Rn represent the
forces exerted by the operator on the master device, and Fe ∈ Rn is the force
acting from the environment to the slave. The following properties of Lagrangian
dynamic systems, Assumptions and lemmas are utilized in the stability proof in
this chapter [31–33]:
A. The inertia matrix is positive definite and bounded:
0 < M−i ≤Mi(qi) ≤M+i <∞.
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B. Ṁi(qi) = Ci(qi, q̇i) + C
T
i (qi, q̇i).
C. Forces due to Coriolis effects are bounded as:
|Ci(q̇i, qi)q̇i| ≤ kci|qi|2, for some kci ∈ R+.
D. If q̇i and q̈i are bounded, the time derivative of Ci(qi, q̇i) is bounded.
Lemma 4.1. [65] For a differentiable function x(·) : R+ → Rn and a function
0 ≤ T (·) ≤ Tmax <∞ we have:
x(t)− x(t− T (t)) =
∫ t
t−T (t)
ẋ(s) ds ≤ T
1
2
max ‖ ẋ ‖ .
Lemma 4.2. [66] If ḟ(.) ∈ L∞ and f(t) ∈ L∞ ∩ L2 then limt→∞ f(t) = 0.
Lemma 4.3. [65] f(t) is uniformly continuous if ḟ(.) ∈ L∞.
Lemma 4.4. [66] If ḟ(.) is uniformly continuous, k is any scalar constant and
limt→∞ f(t) = k, then limt→∞ f̈(t) = 0.
Assumptions 4.1. Communication delays are assumed to satisfy one of the fol-
lowing conditions:
(a) 0 < di1 ≤ di(t) ≤ di2 <∞, ḋi(t) ≤ µi < 1.
(b) 0 ≤ di(t) ≤ d̄i <∞, ḋi(t) ≤ µi < 1.
(c) The dynamics of the human operator and the environment comply with the
following condition [31–34]):∫ t
0
(Fh(s)q̇m(s)− Fe(s)q̇s(s))ds ≥ 0.
4.2 Related work
Delay-dependent stability criteria can be developed for tele-operation systems that
inherited delays, where stability conditions are given in the form of LMI. However,
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in order to be able to apply this methodology to tele-operation systems, some
assumptions regarding the properties of the delay parameter and regarding the
dynamics of the human operator and the environment are needed to be applied.
These assumptions are common practice in the literature of tele-operation systems
control, yet, they considerably increase the conservativeness of the designed stabil-
ity algorithms. Key assumptions regarding the delay parameter are summarized,
as follows.
• Asymmetric and bounded time-varying delays, with non-linear dynamic model
for the system, e.g. [147], [148], [54], [149], [28], [150], or with linear dynamic
model, e.g. [151], [152].
• Constant symmetric time-delays with non-linear dynamic model for the sys-
tem, e.g. [25], [27]), or with linear dynamic model of the system, e.g. [153].
This approach is deemed to be an effective methodology to analyze the stability
of tele-operated time-delay systems. Nevertheless, most of existing literature can
only consider zero lower-limits for the delays (see e.g. [32,33,64–66,154]), whereas
this assumption can be relaxed by treating interval time-varying delays [31]. The
stability analysis of Linear Time Invariant (LTI) systems with interval time-varying
delays using the LK approach has been treated recently, and various techniques
such as delay partitioning [136, 138], free weighting matrices [139], and bounding
techniques for some cross integral terms in the derivative of the LK functional such
as Jensen’s integral inequality and Wirtinger based integral inequality [134, 145,
155] have been used to develop less conservative stability criteria, however, most of
these methods are not directly applicable to nonlinear tele-operation systems [31].
The researchers in [32, 33] proposed delay-dependent position and force feedback
controllers employing LKF with P-P and P-F control architectures with assuming
zero to a known upper bound of the time-varying delay, and very recently the
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problem is studied in [31] with assuming interval varying-delays. However, all
these studies generally employ very conservative LKF and bounding techniques
to estimate the upper bound of the LKF derivative, thus limiting the stability
region of the designed controllers. Moreover, an exact method is developed using
fractional-order PDα controller to guarantee asymptotic stability, however, this
work detects stable region of a 1-DOF tele-operation system in the form of linear
dynamic model [156].
4.3 Tele-operator controller synthesis
In this section two different architectures are considered to couple master and slave
systems; Position-Position (P-P) architecture which is based on computing the
control signals at each location locally and exchange both position and velocity
information between the two sites. PD and P control schemes are listed under
this alternative. The other architecture is Position-Force (P-F) which relies on
obtaining the control torque at one site (normally the slave) then transmit its
value directly to the other site, this architecture contains more delay value than
the first one. These two alternatives implicitly assume that both robots have the
same kinematic structures, position and velocity measurements are available and
do not require the use of force sensor.
4.3.1 Proportional Derivative Position Position (PD-PP)
control scheme
PD control scheme given in (4.2) is used to couple the nonlinear tele-operation
system given in (4.1), with the assumption of non-passive operator Fh(t) and a
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passive environment Fe(t) [31–33].
τm(t) = −kdm(q̇m(t)− q̇s(t− ds(t)))− kpm(qm(t)− qs(t− ds(t)))
− αmq̇m(t) +Gm(qm(t)),
τs(t) = kds(q̇m(t− dm(t))− q̇s(t)) + kps(qm(t− dm(t))− qs(t))
+Gs(qs(t))− αsq̇s(t),
Fh(t) = ko − kh qm(t)− k̄h q̇m(t),
Fe(t) = k̄e q̇s(t),
(4.2)
where, τm(t) and τs(t) are the control actions of the master and slave robotic sys-
tems respectively, kdi, kpi > 0 for i = {m, s}, are constant control parameters,
and αi > 0 is a damping injection parameter to be designed, ko, kh, k̄h, k̄e are
positive definite matrices with appropriate dimensions, the existence of the con-
stant ko waives the passivity condition on the force exerted by the operator. The
closed-loop control system with P-P control architecture is demonstrated in Figure
4.1, where the controller is either of P or PD type and the exchanged signals are
position and velocity measurements only.
Figure 4.1: Block diagram representation of P-P control architectures in tele-
operation systems, where the controller could be either P or PD type with damping
injection.
Let us define q?m, q
?
s ∈ Rn as the static position equilibrium points at equi-
librium time T ? for the master and slave respectively where the system dynamics
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satisfy q̈m(t) = q̇m(t) = q̈s(t) = q̇s(t) = 0, qm(t−dm(t)) = q?m, and qs(t−ds(t)) = q?s
for all t ≥ T ?, T ? > 0. Considering this terminology the equilibrium dynamics of
PD control schemes with applying the input given in equation (4.2) can be written
as follows:
−kpm(q?m − q?s) + ko − kh q?m = 0,
kps(q
?
m − q?s) = 0.








It is obvious for an asymptotic stable system with the closed-loop dynamics given
in (4.2) that its states should be converge to the equilibrium point obtained in
(4.3). However, for analysis purposes it is more convenient to use the origin as the
equilibrium point of the system. Hence, defining xm = qm− q?m and xs = qs− q?s , a
coordinate transformation can be carried out resulting in the following closed-loop
dynamics for the PD controlled system:
Mm(qm)ẍm + Cm(qm, q̇m)ẋm = −αmẋm − khxm(t)− k̄hẋm(t)
−kdm(ẋm − ẋs(t− ds(t)))− kpm(xm − xs(t− ds(t))), (4.4)
Ms(xs)ẍs + Cs(qs, q̇s)ẋs = −αsẋs − k̄eẋs(t)
kds(ẋm(t− dm(t))− ẋs) + kps(xm(t− dm(t))− xs).
Now, we have derived delay-dependent stability criteria for system (4.4) under the
control given in (4.2) with assuming interval varying-delay, which is summarized
in the following theorem.
Theorem 4.1. Using Assumptions 4.1 item (a), given dij and µi < 1, i =
{m, s}, j = {1, 2}; the PP-PD closed-loop tele-operation system (4.4) is globally
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asymptotically stable if there exist positive definite matrices Ri, Zi, Qi, Si,∈ Sn×n,
Pi ∈ S2n×2n, and any matrices Yi, Xi, Hi, H̄i with appropriate dimensions, and
scalars kpm > 0, kdm > 0, ks > 0, kse > 0, αm, and kα such that the following
inequalities hold:
ρi(dij) > 0, ψ̄i =
2ψi Hi
? 2ψi























Π1,1 Π1,2 Π1,3 Π1,4 Π1,5
? Π2,2 Π2,3 Π2,4 Π2,5
? ? Π3,3 Π3,4 Π3,5
? ? ? Π4,4 Π4,5
? ? ? ? Π5,5

,
Π1,1(dij(t)) = 4Ri + Xi12 + X
T
i12 + 4Z̄i(dij(t)), Π1,2 = 2Ri + Xi22,Π1,3 = −6Ri +
Xi32,Π1,4 = 2Z̄i(dij(t))+Xi11, Π1,5 = −6Z̄ij(dij(t))+Xi13, Π2,2 = 4Ri, Π2,3 = −6Ri,
Π2,4 = Xi21, Π2,5 = Xi23, Π3,3 = 12Ri,Π3,4 = Xi31, Π3,5 = Xi33, Π4,4 = 4Z̄ij(dij(t)),
Π4,5 = −6Z̄ij(dij(t)), Π5,5 = 12Z̄ij(dij(t)), Z̄ij(dij(t)) = Ri + 2di12(di2 − dij(t))Si,
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0 kdm kpm 01×8 −kpm 01×2
ks 0 0 01×8 0 01×2
kpm 0 0 01×8 0 01×2
08×1 08×1 08×1 08×8 08×1 08×2
−kpm 0 0 01×8 0 01×2




Proof. The proof is given in Appendix A.1.
Remark 4.1. Given that V (t) is positive definite and radially unbounded with
respect to ẋi and xm − xs, and using Lemma 4.1 it can be concluded that ẋi(t),
xm(t) − xs(t)) and xs(t) − xs(t − Ts(t)) ∈ L∞. Therefore, xm(t) − xs(t − Ts(t))
and xs(t)− xm(t− Ts(t)) are bounded. Assuming a passive operator (i.e. ko = 0),
the steady state human and environment forces are zero, and thus q?m = q
?
s = 0.
Hence, from (4.4) we have (i ∈ {m, s} and î is the complementary of i):
q̈i = −M−1i (qi)
[
(Ci(qi, q̇i) + αi)q̇i + kdi(q̇i − q̇î(t− dî(t))) + kpi(qi − qî(t− dî(t)))
]
whence from properties A, C, and D it is deduced that q̈i ∈ L∞. Moreover, from
Lemma 4.2 the system velocities converge to zero, i.e. q̇i → 0. Following the same
procedure and using Properties B, and C it can be shown that
...
q i ∈ L∞, thus
applying Lemma 4.3, q̈i is guaranteed to be uniformly continuous. Finally, from
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Lemma 4.4 it is clear that q̈i converges to zero. Hence, the system is asymptotically
stable and all the states are converging to zero.
If zero lower bounds of delays are considered, the results of Theorem 4.1 are no
longer valid, the following corollary addresses this limitation.
Corollary 4.1. Using Assumptions 4.1 item (b), given d̄i and µi < 1, i =
{m, s}; the PP-PD closed-loop tele-operation system (4.4) is globally asymptotically
stable if there exist positive definite matrices Zi, Qi, Si,∈ Sn×n, Pi ∈ S2n×2n, and
any matrices Xi, Hi, H̄i with appropriate dimensions, and scalars kpm > 0, kdm >
0, ks > 0, kse > 0, αm, and kα such that the following inequalities hold:





















Π̄1,1 Π̄1,2 Π̄1,3 Π̄1,4 Π̄1,5
? Π̄2,2 Π̄2,3 Π̄2,4 Π̄2,5
? ? Π̄3,3 Π̄3,4 Π̄3,5
? ? ? Π̄4,4 Π̄4,5
? ? ? ? Π̄5,5

,
Π̄1,1 = 4Zi+2Xi12 +4Z̄i(di(t)), Π̄1,2 = 2Z̄i(di(t))+Xi22, Π̄1,3 = −6Z̄i(di(t))+Xi32,
Π̄1,4 = 2Zi + Xi11,Π̄1,5 = −6Zi + Xi13, Π̄2,2 = 4Z̄i(di(t)), Π̄2,3 = −6Z̄i(di(t)),
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Π̄2,4 = Xi21, Π̄2,5 = Xi23, Π̄3,3 = 12Z̄i(di(t)),Π̄3,4 = Xi31, Π̄3,5 = Xi33, Π̄4,4 = 4Zi,
Π̄4,5 = −6Zi, Π̄5,5 = 12Zi, Z̄i(di(t)) = Zi + 2d̄idi(t)Si.
Φ̄12 =

0 kdm kpm 01×2 −kpm 01×5
ks 0 0 01×2 0 01×5
kpm 0 0 01×2 0 01×5
02×1 02×1 02×1 02×2 02×1 02×5
−kpm 0 0 01×2 0 01×5








11×11, k, l ∈ {1, · · · 11}, Φ̄ikl are defined in Appendix
B, kps = kpmk̄e/kse, kds = kpsks/kpm, and αs = kαkps/kpm.




























































, the rest of the proof is similar to the proof of
Theorem (4.1).
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4.3.2 Proportional-Position Position (P-PP) control scheme
It has been shown that the asymptotic stability of the closed-loop tele-operation
system can still be achieved only using the position information [65]. A propor-
tional P-P control scheme given below is thus studied:
τm(t) = Gm(qm(t))− kpm (qm(t)− qs(t− ds(t)))− αmq̇m(t),
τs(t) = Gs(qs(t)) + kps (qm(t− dm(t))− qs(t))− αsq̇s(t).
(4.7)
The operator and environment are assumed to satisfy the passivity conditions
and comply with Assumptions 4.1 item (c), yet in this section they do not
necessarily follow dynamics given (4.2), the closed-loop dynamics of the system
can be obtained as follows:
Mm(qm)q̈m(t) + Cm(qm, q̇m)q̇m(t) = −kpm(qm(t)− qs(t− ds(t)))− αmq̇m(t) + Fh(t),
Ms(qs)q̈s(t) + Cs(qs, q̇s)q̇s(t) = kps(qm(t− dm(t))− qs(t))− αsq̇s(t)− Fe(t).
(4.8)
Sufficient conditions of stability of system (4.8) with interval varying delay are
addressed in the following theorem:
Theorem 4.2. Using Assumptions 4.1 item (a), with zero operator and envi-
ronment forces i.e. Fe = Fh = 0, and given dij and µi < 1, i = {m, s}, j = {1, 2};
the closed-loop tele-operation system (4.8) is globally asymptotically stable if there
exist positive definite matrices Ri, Zi, Qi, Si,∈ Sn×n, and any matrices Xi, Hi, H̄i
with appropriate dimensions, and scalars kpm > 0, kps > 0, αm, and αs such that
the following inequalities hold:


















where, ρi (dij(t)), ψi, ψ̄i, ψ̄i, Xi, Hi, H̄i are defined in Theorem 4.1, and
Φ̆12 =

0 kpm 01×4 −kpm 01×5
kpm 0 01×4 0 01×5
04×1 04×1 04×4 04×1 04×5
−kpm 0 01×4 0 01×5




Proof. The proof of this Theorem is verbatim of Theorem 4.1.
Thereafter, following the same line of the proof of Theorem (4.1), taking into
account the definition of the passivity of system (4.8) and assuming their dynamics
to comply with item (c) of Assumptions 4.1, and following the elaborations given
in Remark (4.1) the results of the theorem can be achieved.
Sufficient condition of the stability criteria for closed-loop system given in equa-
tion (4.8) for zero to a known upper bound of the delay is addressed in the following
corollary:
Corollary 4.2. Using Assumptions 4.1 item (b), given d̄i and µi < 1, i =
{m, s}; the P-P closed-loop tele-operation system (4.8) with zero steady-state op-
erator and environment forces (Fe = Fh = 0) is globally asymptotically stable if
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there exist positive definite matrices Zi, Qi, Si ∈ Sn×n , Pi ∈ S3n×3n, and any ma-
trices Xi, Hi, H̄i with appropriate dimensions, and scalars kpm > 0, αm, ks > 0,
and kα such that the following inequalities hold.
























k, l ∈ {1, · · · , 10}, Φ̃ik,l are defined in Appendix B, and
Φ̃12 =

0 kpm 01×2n −kpm 01×5n
kpm 0 01×2 0 01×5
02×1 02×1 02×2 02×1 02×5
−kpm 0 01×2 0 01×5




Moreover, kps = kpm/ks and αs = kαkps/kpm. In addition, if the steady-state
environment force is non-zero (i.e. Fe 6= 0), then the master and slave positions
asymptotically converge to a constant bounded steady-state value that are related
with kps(q
?
m − q?s) = Fe, and further Fh = kpm/kpsF ?e .
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The rest of the proof of this Theorem is verbatim of Theorem 4.1.
4.3.3 Position-Force (P-F) control scheme
To have better transparency in the system, direct force reflection controller is used
to provide kinaesthetic feedback in the tele-operation system. In this section the
controller given in (4.12) is applied to system (4.1) with similar circumstances
given in Section 4.3.2 in terms of the environment and operator forces, where the
closed-loop dynamics of the system with P-F controller is given in (4.13).
τm(t) = Gm(qm(t))− τs(t− ds(t))− αmq̇m(t),
τs(t) = Gs(qs(t)) + kps(qm(t− dm(t))− qs(t))− αsq̇s(t).
(4.12)
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It is worth to mention here, that opposite to P-P architecture, with P-F control the
controllers’ torques are obtained locally at one side of the tele-operation system
and sent back to the other side witch imposes higher delays values on the sent
signal and might reduce the stability region of the controller. This will be further
highlighted in Section 4.4.
Mm(qm)q̈m + Cm(qm, q̇m)q̇m = −kps(qm(t− dm(t)− ds(t))− qs(t− ds(t)))
− αsq̇s(t− ds(t))− αmq̇m + Fh,
Ms(qs)q̈s + Cs(qs, q̇s)q̇s = kps(qm(t− dm(t))− qs(t))− αsq̇s − Fe.
(4.13)
We have derived less conservative delay-dependent stability criteria under the con-
troller (4.13) which is shown in the schematic diagram of Figure 4.2, where the
control action τs(t) is obtained on the slave side and sent directly to the master
side through the communication channel.
Figure 4.2: Block diagram representation of P-F control architectures in tele-
operation systems, where the reflected force is the controller action at the slave
side reflected directly to the master.
The delay-dependent stability criteria under proposed controller (4.13) with
interval varying-delay is summarized in the following theorem.
Theorem 4.3. Using Assumptions 4.1 item (a), with zero steady-state operator
and environment forces i.e. Fe = Fh = 0, and given dij and µi < 1, i = {m, s}, j =
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{1, 2}; the P-F closed-loop tele-operation system (4.13) is globally asymptotically
stable if there exist positive definite matrices Ri, Zi, Qi, Si, Z,Q, S, and Ts ∈ Sn×n,
and any matrices Xi, Hi, H̄i, Y,H, H̄ with appropriate dimensions, and scalars
kps > 0, αm, and αs such that the following inequalities hold:
ρi(dij) > 0, ϕ̄i > 0, ϕ̄i > 0,
ρ̌(dij) > 0, ϕ̄ > 0, ϕ̄ > 0,
Φ̌1 =
















Where ρi(dij) ψi, ψ̄i, ψ̄i, Xi, Hi, H̄i are defined in Theorem 4.1, and
ρ̌(d(t)) =

Π̄1,1(d(t)) 2Z + Y
T
22 −6Z + Y T23 2Z̄(d(t)) + Y11 −6Z̄(d(t)) + Y13
? 4Z −6Z Y21 Y23
? ? 12Z Y31 Y33
? ? ? 4Z̄(d(t)) −6Z̄(d(t))





12 +4Z̄(d(t)), Z̄(d(t)) = Z+2d12(d2−d(t))S, d12 = d2−d1,




 , ϕ̄ =
2ϕ H̄
? 2ϕ










 , H =
H11 H12
H21 H22
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.
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. . . . . . . . . .
.
. . . . . . . . . .






0 kps 01×8 −kps 0 αs
kps 0 01×8 0 0 0
08×1 08×1 08×8 08×1 08×1 08×1
0 0 01×8 −kps 0 0




Proof. The proof is given in Appendix A.2.
The stability criteria of the closedloop system with zero to upper bound time-
varying delay is summarized in the following corollary.
Corollary 4.3. Using Assumptions 4.1 item (b) given d̄i and µi < 1, i = {m, s};
the P-F closed-loop tele-operation system (4.13) with zero steady-state operator and
environment forces (Fe = Fh = 0) is asymptotically stable if there exist positive
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definite matrices Zi, Qi, Si, Z, S,Q, Ts ∈ Sn×n , Pm ∈ S5n×5n, Ps ∈ S3n×3n, and
any matrices Xi, Hi, H̄i, Y, H, H̄ with appropriate dimensions such that the
following inequalities hold.
ρ̄i(0) > 0, ρ̄i(d̄i) > 0, ψ̄i > 0, ψ̄i > 0,






















Π̄1,1 Π̄1,2 Π̄1,3 Π̄1,4 Π̄1,5
? Π̄2,2 Π̄2,3 Π̄2,4 Π̄2,5
? ? Π̄3,3 Π̄3,4 Π̄3,5
? ? ? Π̄4,4 Π̄4,5
? ? ? ? Π̄5,5

,
Π̄1,1 = 4Z + 2Y12 + 4Z̄, Π̄1,2 = 2Z̄ + Y22, Π̄1,3 = −6Z̄ + Y32, Π̄1,4 = 2Z + Y11,
Π̄1,5 = −6Z + Y13,Π̄2,2 = 4Z̄, Π̄2,3 = −6Z̄, Π̄2,4 = Y21, Π̄2,5 = Y23, Π̄3,3 = 12Z̄,
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 , δ̄ =
2ψ H̄
? 2ψ
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.
. . . . . . . . . .












. . . . . . . . . .
.
. . . . . . . . . .






0 kps 01×2 −kps 01×5 αs
kps 0 01×2 0 01×5 0
02×2 02×2 02×2 02×2 02×5 02×5
0 0 01×2 −kps 01×5 0




k = (dm(t), ds(t)), j = ds(t); and the parameters of Φ̂m(k), Φ̂s(j) are defined in
Appendix B.









m Mm(qm) q̇m + q̇
T
s Ms(qs) q̇s,






































































































. The rest of the proof omitted
here as it will be verbatim of the proof of Theorem 4.3.
Remark 4.2. In this chapter, we have derived several delay-dependent stability
conditions for tele-robotic systems with delayed-communication channels under
suitable control schemes (i.e., PD, P and P-F) where the delayed communica-
tion channels are considered as time-varying delays with lower and upper bounds.
It is reasonable to assume constant values as an upper bound for the forward and
backward delays. This is valid assumption because the time-delay in practical appli-
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cations is normally bounded and the communication line is considered to be broken
in cases where the delay exceeds its upper limit, as the information exchange will be
stopped until normal circumstances retained. However, the assumption of delays
derivatives to be strictly less than one can be restrictive. Relaxing this assump-
tion using the the Lyapunov stability analysis is challenging due to the inherent
nonlinearity of the system. Investigating the problem is a subject of our future
studies.
Remark 4.3. Many researchers have focusing to improve the less conservative
result of stability criteria for time-delay systems. As an example, in the literature,
Young’s inequality, and Jensen’s inequality are utilized to obtain the quadratic
estimate of some non-quadratic cross terms, which naturally imply some conser-
vativeness (see for example [32, 33]). To overcome this issue, we have used the
Wirtinger-based single and double integral inequalities in lieu of Jensen’s inequal-
ities for estimating the upper bound of LKF’s derivative. Besides that, we employ
appropriate free weighting matrices and an augmented LKF to generate more effec-
tive off-diagonal terms in the established stability conditions. This implies that the
derived delay-dependent stability conditions can be obtained less conservative than
some state of the art results in [31–33]) and we have shown it through upcoming
numerical section.










































Remark 4.5. Transparency in tele-operation system is a principal objective to
be examined after maintaining the stability of the system. Once asymptotic sta-
bility achieved, q̇m = q̇s = q̈m = q̈s = 0, Fh = kpm(qm(t) − qs(t − ds(t)) and
Fe = kps(qm(t − dm(t)) − qs(t)). Therefore, Fh reflects the environment force Fe.
However, when the environment force is not zero and the slave system stopped by
the wall bounded error can still be guaranteed with the designed controllers .
4.4 Numerical example and its simulation results
In this section verification of the proposed criteria is demonstrated in two ways.
First, maximum upper bound of the communication delay has been obtained by
numerical analysis for the criteria developed in this chapter, and then compared
with the literature. Second, simulation studies are performed on a couple of robotic
arms connected together in a tele-operation scenario.
4.4.1 Numerical analysis based on LMI conditions
To verify the results of Theorem (4.1) and Corollary (4.1) for interval varying time-
delay and zero to upper varying-delay, the parameters of the system are assigned
in consistence with the available literature who considered similar criteria [31, 33]
in order to be able to compare with them. The controller parameters are set to be
kpm = kdm = kps = kds = 0.25 , αm = 1 , αs = 0.9, the environment and operator
model parameters are set to be k̄e = 1, k̄h = 1, moreover µm and µs are set to
be 0.3, 0.5 respectively. The maximum allowable upper bounds of the delay are
obtained by solving the LMIs given in the theorems and corollaries using Matlab
LMI Toolbox. In the case of Theorem (4.1), the delay bounds dm1, dm2, ds1 are
held fixed in order to obtain the maximum allowable values of the backward delay
ds2. By choosing dm(t) to be within the interval dm(t) ∈ [5.9, 6], ds(t) have to be
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within the interval ds(t) ∈ [9.7, 11.999] to keep the LMIs feasible. Similarly, with
Corollary (4.1), if dm(t) ∈ [0, 6] then ds(t) ∈ [0, 11.0]. This shows that maximum
allowable upper bound of the backward delay has been increased significantly by
applying Theorem (4.1) and Corollary (4.1) as compare to the state of the art and
given in Table 4.1 and Table 4.2.
Moreover, similar circumstances are adopted to show the superiority of Corollary
4.2 and Corollary 4.3, the obtained maximum allowable upper bounds are listed
in Table 4.3 and 4.4. In case of 4.3 the parameters of the system are taken to
be kpm = kps = 50, αm = αs = 100 , µm = 0.3 , µs = 0.5, by solving the
LMIs obtained from Corollary (4.3), the corresponding maximum allowable upper
bounds are listed in Table 4.4.
Examining Tables 4.1 to 4.4 clearly shows that the proposed sufficient conditions
obtained in this chapter are less conservative results than existing results in [31–
33,66,154].
To verify the results of Theorem 4.2 and Theorem 4.3 for the case of vary-
ing time delay, the delay bounds dm1, ds1 are held fixed in order to obtain the
maximum allowable backward delay dm2, ds2 against the variation of kpm, kps and
µm, µs. Figures 4.3 and 4.4 show the variations in the upper bound value of the
round trip delay (dm(t) + ds(t)) in the closed-loop system in accordance to the
variation in the controllers gain parameters km, ks and the variation in the deriva-
tive of the variable time delay µm, µs. The obtained results give an insight about
the effect of varying the round trip delay value against the needed control gain kpi
in order to maintain system stability.
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Table 4.1: Verification of Theorem 4.1
Reference dm1 dm2 ds1 ds2
[31] 5.9 6 9.7 9.9287
Theorem 4.1 5.9 6 9.7 11.2000




Corollary 4.1 6 11.0000






Corollary 4.2 1 6.8300




Corollary 4.3 0.2 1.8500
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Table 4.6: Comparison P and P-F control schemes.
Controller
Position tracking RMSE Force tracking RMSE
Joint 1 Joint 2 Joint 1 Joint 2
P 0.1958 0.0739 8.5465 3.4647
P-F 0.3250 0.1164 3.9274 1.6620
Figure 4.3: (ds2 + dm2) against the variation of km, ks and µm, µs with Theorem
4.2.
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Figure 4.4: (ds2 + dm2) against the variation of km, ks and µm, µs with Theorem
4.3
4.4.2 Simulation results
A series of simulation studies have been performed on a tele-operation of two
identical 2-DOF robotic arms [31–33, 65], and [66]. The dynamic models of the
systems are described in equation (4.1) with their parameters identified in (4.17).
Mm = Ms =
M11 M12
? M22
 , Cm = Cs =
C11 C12
C21 C22





where, M11 = (2l1 cos(q2) + l2)l2m2 + l
2
1(m1 +m2), M12 = l2m2 + l1 l2 m2 cos(q2),
M22 = l
2
2m2, C11 = −l1l2m2 sin(q2) q̇2, C12 = −l1l2m2 sin(q2) (q̇2 + q̇1), C21 =
l1l2m2 sin(q2), C22 = 0, G11 = g(m2l2 sin(q2 + q1) + (m1 + m2)l1 sin(q1), G21 =
gm2l2sin(q1 + q2).
Moreover, m1 = 10kg, m2 = 5 kg, l1 = 0.7m, l2 = 0.5m and g = 9.81m/sec
2.
Controllers parameters used in this section are chosen to be exactly the same as
those given in Section 4.4.1. Upper and lower bounds of the forward dm(t) and
backward ds(t) delays are assumed to vary between the bounds given in Tables
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4.1 to 4.4, and all the initial values are assumed to be zero. Position tracking
performance of the PD, P and P-F controllers are given in Figures 4.5, 4.6, 4.7,
4.9, 4.10, 4.13, 4.14, and 4.15 respectively where asymptotic stability is observed
clearly.
To demonstrate force tracking with P and P-F controllers, the human operator
input is assumed to be affecting in Y -direction of the master robot. The stability
analysis of the system is considered for free motion and for interaction with a
rigid wall with very high stiffness (10000N/m). The wall is placed at 0.5m on
Y -direction for the slave robot, therefore, the mathematical representation of the
human operator force and the environment force are given below, where ys is the
Y -dimension of the end effector position of the slave robot.
Fh(t) ≤ Fh ∈ R+
Fe(t) =
0 for ys ≤ 0.5,10000(ys − 0.5) for ys > 0.5.
(4.18)
The human force applied as input for the system with P and P-F controllers is
shown in Figure 4.8. The results of Y−position tacking are shown in Figure 4.7,
and Figure 4.13 for P and P-F controllers respectively, it is clear that the Y -position
of the master and slave robots are tracking each other. However, at ys = 0.5 the
slave is not moving further as the rigid wall is stopping its motion.
A closer look at Figures 4.11, 4.12, clearly shows the torques exerted on the
master robot joints increase with increasing the force applied by the human (Fh)
while the torques reflected from the slave to master are zero as there is no contact
occurs on the slave side. At ys = 0.5 the slave robot dumped by the rigid wall and
hence the torques reflected from the slave to master are no longer zero and their
values are corresponding to the applied forces.
Figure 4.15, and Figure 4.17 demonstrate force tracking behaviours with P-
F control scheme. The responses captured in these Figures are quite similar to
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the results obtained with P-controller. However, the P-controller provides better
results for position tracking, while better force tracking is achieved with P-F con-
troller. To quantify the difference between the two controllers, Root Mean Square
of Error (RMSE) is obtained. Stability and performance have been observed to
have conflicting properties of tele-operation system (Table 4.5 and Table IV).
Times (sec)































Figure 4.5: Joints Position tracking with PD-Control scheme.
Times (sec)























Figure 4.6: Joints position tracking error with PD-Control scheme.
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Times (sec)
































Figure 4.7: Y-Position of the master and slave with P-Control scheme.
Times (sec)















Figure 4.8: Force applied by the operator with P and P-F control schemes.
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Figure 4.9: Joints position tracking with P-Control scheme.
Times (sec)























Figure 4.10: Joints position tracking error with P-Control scheme.
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Figure 4.11: Joints torque tracking with P-Control scheme.

























Figure 4.12: Joints torque tracking error with P-Control scheme.
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Figure 4.13: Y-position of the master and slave with P-F control scheme.
Times (sec)





























Figure 4.14: Joints position tracking with P-F control scheme.
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Figure 4.15: Joints position tracking error with P-F control scheme.



























Figure 4.16: Joints torque tracking with P-F control scheme.
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Figure 4.17: Joints torque tracking error with P-F control scheme.
4.5 Conclusions:
In this chapter, improved synchronization criteria for non-linear tele-robotic sys-
tem in the presence of variable time-delay is given. The LK stability analysis
method is used to obtain several synchronization conditions under PD-PP, P-PP,
and P-F delay-dependent control architectures for the tele-operation system. Dif-
ferent conditions for the human operator and environment have been considered.
The main outcomes of this chapter are stated in the following points:
• The designed stability criteria is given for both cases, zero to known upper
bounds time-varying delay, and for interval varying-delay. Also, with con-
sidering the availability of velocity measurements (using PD control scheme)
and the absence of velocity measurements (P-control scheme). The supe-
riority of the derived criteria in terms of giving larger stability regions is
demonstrated through numerical comparisons with the state of the art avail-
able literature.
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• Different circumstances for human operator force and environment force are
considered in this chapter. In the first part with PD control scheme, the
human operator dynamics are assumed to comply with specific equation
where its parameters can be involved in the parameters of the derived LMI.
In this case the designer has the choice to decide whether these exogenous
forces have passive or non-passive dynamics. In the other part (with P and
P-F control schemes) the applied forces are assumed to be passive and have







• The functions V1 and V2 in each of the constructed LKFs through out this
chapter, are representing the system dynamics and the coupling controllers
dynamics. These two Lyapunov functional are designed such that property
B of a Lagrange dynamic system stated in Section 4.1 can be utilized to
cancel the effect of the inertia matrix. Hence, the stability conditions are
function of the controller parameters and the delay bounds only, without
involving the effect of the inertia of the system in the formalized LMIs.
• The results show the superiority of the P-P control architecture in terms of
wider stability region and the superiority of P-F control architecture in term
of providing better performance.
• The proposed simulation results are obtained for an ideal system that is free
of any uncertainty and disturbance effects.
In the next chapter of this thesis, the improved stability criteria developed in
this chapter will be used to provide delay-dependent stability for a robust controller
with relaxed assumptions regarding the human operator and environment forces.
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Chapter 5
Robust H∞ Cost Guaranteed
Integral Sliding Mode Control for
Nonlinear Tele-operation System
with Variable Time-Delay
This chapter is devoted to the synchronization problem of tele-operation systems
with time-varying delay, disturbances, and uncertainty. Delay-dependent suffi-
cient conditions for the existence of integral sliding surfaces are given in the form
of LMIs. This guarantees the global stability of the tele-operation system with
known upper bounds of the time-varying delays. In this chapter, the controller
gains are designed but not chosen, which increases the degree of freedom of the
design. Furthermore, to relax the analysis from any assumptions regarding the
dynamics of the environment and human operator forces, H∞ design method is
used to involve the dynamics of these forces and ensure the stability of the system
against these admissible forces in the H∞ sense. This design scheme combines the
strong robustness of the sliding mode control with the H∞ design method for tele-
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operation systems which are coupled using state feedback controllers and inherit
variable time-delays in their communication channels.
The results of this chapter are published in the following paper: Al-Wais,
Saba, Khoo, Suiyang, Lee, Tae Hee, Shanmugam, Lakshmanan, and Nahavandi,
Saeid, ”Robust H∞ cost guaranteed integral sliding mode control for
the synchronization problem of a nonlinear tele-operation system with
variable time-delay.” ISA Transactions (2017).
5.1 Introduction
Providing stable feedback is an essential requirement for bilaterally controlled tele-
operation systems, where time-delay inherited in the communication channel be-
tween the master and slave systems is the major challenge that can threaten system
stability. This issue becomes more challenging with the existence of external dis-
turbance and uncertainty in the model parameters. To ensure stable tele-operation
system with optimal performance for the designed synchronization controller, ro-
bust delay-dependent stable controller is required [3, 6–9]. LK methodology is
applied successfully for developing delay-dependent stable controller in the pre-
vious chapter, with assuming passive environment and passive human operator,
i.e the human force acting on the master device (Fh) and the environment force
acting on the slave device (Fe) should comply with the assumption given below,






There are only very few results that consider the effect of the exogenous inputs
from the human operator, and from the environment forces, without any prior
assumption regarding their dynamics, that reported in the literature. And most of
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the existing work, that consider non-passive forces, assume specific dynamics for
human operator force and environment force [73–78]. Strong robustness offered
by SMC to handle uncertainties, perturbation and bounded external disturbance
makes it popular technique in the control of robotic systems. An appropriately
designed SMC can provide robust and insensitive behaviour with the existence of
system uncertainties. The robustness of the SMC is ensured during the sliding
phase but not during the reaching phase i.e., during the reaching phase the system
is still sensitive to the external disturbances and system uncertainties. Different
types of SMCs has been applied successfully in many applications of tele-operation
systems see for instance, [86, 87, 90–96]. Details about the literature are given in
Section 2.7.2.4. Most of the existing literature considers only constant time-delay
and there are only a few studies that consider the effect of varying time-delay
on the designed SMC within the form of delay-dependent stability framework.
Furthermore, to guarantee the robustness of the controlled system during the entire
operation Integral Sliding Mode Controller (ISMC) is proposed in this chapter.
ISMC can actually eliminate the reaching phase, and force the system to start on
the sliding surface, and hence global robustness is guaranteed [84].
5.2 System description and preliminaries
The nonlinear dynamic model given in equation 4.1 is considered in this chap-
ter with taking into account the uncertainty in the model parameters and some
disturbances acting on the system externally as given in the following equation:
Mm(qm)q̈m + Cm(qm, q̇m)q̇m +Gm(qm) = τm + τdm + τh,
Ms(qs)q̈s + Cs(qs, q̇s)q̇s +Gs(qs) = τs + τds − τe,
(5.1)
where m, s, qi, q̇i, q̈i, i, Mi(qi), Ci(qi, q̇i), Fh, Fe, and Gi(qi) are defined in Section
4.1, τdi ∈ Rn is the vector of external disturbance acting on the system at the
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joint space, in this thesis it is given by τdi = [2 sin(t) + 0.5 sin(200πt) 2 cos(2t) +
0.5 sin(200πt)] [94].
The Lagrangian dynamic model properties given in Section 4.1 are utilized in this
chapter also, with special consideration to the following properties [31–33]:
E. 0 < M−i ≤‖Mi(qi) ‖2≤M+i <∞, where ‖Mi(qi) ‖2=
√
max(λ(MTi Mi)).
F. 0 < 1
M+i
≤‖M−1i (qi) ‖2≤ 1M−i <∞.
In reality, it is almost impossible to obtain an exact dynamic model of a me-
chanical system such as robotic arm manipulators due to the presence of Coulomb
friction, back lash and unknown disturbance so that the following uncertainty
parameters are considered in the dynamic model:
Mi = Mio + ∆Mi,
Ci = Cio + ∆Ci,
Gi = Gio + ∆Gi.
Thus, dynamical equations of the master-slave robotic arms can be rewritten as
follows by lumping the uncertainty and disturbance into one vector Pi:
Mmo(qm)q̈m + Cmo(qm, q̇m)q̇m +Gmo(qm) = τm + τh + Pm,
Mso(qs)q̈s + Cso(qs, q̇s)q̇s +Gso(qs) = τs − τe + Ps,
(5.2)
where ∆Mi, ∆Ci, ∆Gi, represent uncertainties in the inertia, Coriolis and centrifu-
gal and gravity matrices, respectively, Mio(qi), Cio(qi), Gio(qi) are the nominal
values of the system parameters, Pi = −∆Miq̈i −∆Ciq̇i −∆Gi + τdi.
Assumptions 5.1. In this chapter items (a) and (b) of Assumptions 4.1, that
consider the dynamics of the variable time-delay, are adopted in this chapter in
addition to the item (d) given in the following. While item (c) of Assumptions
4.1 will be relaxed according to the stability criteria developed in this chapter.
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(d) There is a known upper bound for the lumped value of the disturbance and
uncertainties acting on the system ‖Pi‖ ≤ Fi, where Fi ∈ R.
5.3 Controllers synthesis
In this section, controller synthesis for the cases of the availability of velocity
measurement and without velocity measurements are considered. Let us first define
the joint’s position error and the joint’s velocity errors as follows:
ei(t) = qî(t− dî(t))− qi(t),
ėi(t) = q̇î(t− dî(t))− q̇i(t),
(5.3)
where î is the complementary of i.
5.3.1 Integral sliding mode controller with velocity mea-
surement
The sliding manifold in this case is chosen to be as follows:
sm = q̇m +
∫ t
0
(kpmem(s) + kdmėm(s) + αmq̇m(s)−M−1moτh)ds,
ss = q̇s +
∫ t
0




where kpi, kdi, αi ∈ R+ the parameters of the designed controller. Differentiating
the sliding variables with respect to time we obtain the following dynamics:
ṡm = q̈m + (kpmem(t) + kdmėm(t) + αmq̇m(t)−M−1moτh),




The controllers that will drive the system to converge are designed as follows:
τm = τmo + τm1,




τmo = −Mmo(qm)(kpmem(t) + kdmėm(t) + αmq̇m(t)) +Gmo + Cmoq̇m,









Hence, the closed-loop tele-operation system is given by:
q̈m = −kdmėm − kpmem − αmq̇m +M−1mo(qm)τh,
q̈s = −kdsės − kpses − αsq̇s −M−1so (qs)τe.
(5.7)
5.3.2 Integral sliding mode controller without velocity mea-
surement
In order to reduce system complexity and avoid using velocity sensors, in this
section, the stability of the system will be established, with appropriate proofs,
using position measurements only. The sliding manifold in this case is chosen to
be as follows:




ss = q̇s +
∫ t
0




Differentiating the sliding variables with respect to time we get:
ṡm = q̈m + (kpmem(t) + αmq̇m(t)−M−1moτh),





The controllers that will drive the system to converge are designed as follows:
τm = τmo + τm1,
τs = τso + τs1,
(5.10)
where
τmo = −Mmo(kpmem(t) + αmq̇m(t)) +Gmo + Cmo(qm, q̇m)q̇m,









Hence, the closed-loop dynamics of the tele-operation system during the sliding
mode is given by:
q̈m = −kpmem − αmq̇m +M−1mo(qm)τh,
q̈s = −kpses − αsq̇s −M−1so (qs)τe.
(5.11)
5.3.3 H∞ design
The H∞ problem studied in this chapter is addressed as follows: given the tele-
operation system (5.2), with assuming the exogenous inputs to the system as
w(t) = [τh(t) τe(t)]
T , where w(t) ∈ L2[0,∞] and the position errors as z(t) =
[em es]
T = [qs(t− ds(t))− qm(t) qm(t− dm(t))− qs(t)]T . It is required that the
designed control inputs τi ensure the following circumstances:
• For zero steady state value of the exogenous inputs (Fe = Fh = 0), i.e.,
w(t) = 0, the system is asymptotically stable.
• For all non-zero steady state value for the exogenous inputs (Fe, Fh > 0),
i.e., w(t) 6= 0, and zero initial condition, the H∞ performance index condition
J∞ < 0 hold, where J∞ =
∫∞
0
(zT (t)z(t)− γ2wT (t)w(t))dt, and γ ∈ R+ is a
given constant.
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Under these circumstances the master-slave system (5.2) is deemed to be robustly
asymptotically stable with H∞ performance measure.
5.4 Main results
In this section, ISMC reach-ability conditions, and H∞ delay-dependent stability
conditions are given.
5.4.1 Closed-loop system analysis with velocity measure-
ment
Analysis of the reach-ability conditions of the sliding surface in equation (5.4) are
given in this section. Moreover, delay-dependent stability of the closed-loop system
under the effect of the controller (5.6) with H∞ performance index is expressed
and proofed also.
Theorem 5.1. For the tele-operation system (5.2), in the presence of uncertain-
ties and disturbance that comply with item (d) of Assumptions 5.1, if the integral
sliding surfaces are chosen as (5.4) and the integral sliding mode controllers de-




. Then the integral sliding surface will be
reached in finite-time.





Using Assumptions 4.1 item (b), the time derivative of the Lyapunov function
with respect to system trajectories, with applying the system (5.2) and the controller
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= sTm(q̈m + (kpmem(t) + kdmėm(t) + αmq̇m(t)−M−1moτh))









+ Cmoq̇m +Gmo + τh + Pm − Cmoq̇m −Gmo)
+ (kpmem(t) + kdmėm(t) + αmq̇m(t)−M−1moτh))
+ sTs (M
−1




+ Csoq̇s +Gso − τe + Ps − Csoq̇s −Gso)





































, hence, V̇1 is negative definite, this completes the proof.
Theorem 5.2. Using item (b) of Assumptions 4.1, given d̄i and µi < 1, i =
{m, s}; î is the complementary of i, the closed-loop tele-operation system (5.7) is
globally asymptotically stable and J∞ < 0, if there exist positive definite matrices
Pi, Zi, Qi, Si ∈ Sn, and any matrices Xi, Hi, H̄i with appropriate dimensions,
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and scalars kpi > 0, kdi > 0, and αi such that the following inequalities hold:
ρ̊i(di(t)) > 0, ψ̄i > 0, ψ̄i > 0
Φ̊(di(t), dî(t)) < 0









Φ̊i(di(t)) aiΞi Φ̊12 011×1
? −γ2 01×11 0
? ? Φ̊î(dî(t)) aîΞî










Π̊1,1 Π̊1,2 Π̊1,3 Π̊1,4 Π̊1,5
? Π̊2,2 Π̊2,3 Π̊2,4 Π̊2,5
? ? Π̊3,3 Π̊3,4 Π̊3,5
? ? ? Π̊4,4 Π̊4,5









 P Ti12 01×2 P Ti11 + 2cikpm + 2ei(kpm + kps) 0
P Ti22(1− µi) 01×2 P Ti12(1− µi) 0
⊗ In,
εi3 =




























0 −kdm −kpm 01×2 −kpm 01×5
−kds 0 0 01×2 0 01×5
−kpm 0 0 01×2 −1 01×5
02×1 02×1 02×1 02×2 02×1 02×5
−kpm 0 −1 01×2 0 01×5




Π̊1,1 = 4Zi+2Xi12 +4Z̄i(di(t)), Π̊1,2 = 2Z̄i(di(t))+Xi22, Π̊1,3 = −6Z̄i(di(t))+Xi32,
Π̊1,4 = 2Zi + Xi11, Π̊1,5 = −6Zi + Xi13, Π̊2,2 = 4Z̄i(di(t)), Π̊2,3 = −6Z̄i(di(t)),
Π̊2,4 = Xi21, Π̊2,5 = Xi23, Π̊3,3 = 12Z̄i(di(t)), Π̊3,4 = Xi31, Π̊3,5 = Xi33, Π̊4,4 = 4Zi,






, ai = −1 for i = s, and ai = 1 otherwise, ci = 1 for
i = m, and ci = 0 otherwise, ei = 0 for i = m, and ei = 1 otherwise.
Proof. See the Appendix A.3 for the proof of Theorem 5.2.
5.4.2 Closed-loop system analysis without velocity mea-
surement
Theorem 5.3. For the tele-operation system given in equation (5.2), in the pres-
ence of uncertainties and disturbance that comply with item (d) of Assumptions
5.1, if the integral sliding surface is chosen as (5.8) and the integral sliding mode




, then the integral sliding surface
will be reached in finite time.
Proof. The Proof of this theorem is verbatim of Theorem 5.1.
Theorem 5.4. Using item (b) of Assumptions 5.1, given d̄i and µi < 1, for
i = {m, s}, and î the complementary of i; the closed-loop tele-operation system
(5.11) is globally asymptotically stable and J∞ < 0, if there exist positive definite
matrices Zi, Qi, Si ∈ Sn, any matrices Xi, Hi, H̄i with appropriate dimensions,
and scalars kpi > 0, and αi such that the following inequalities hold:
ρ̃i(di(t)) > 0, ψ̄i > 0, ψ̄i > 0,
Φ̃(di(t), dî(t)) < 0,










Φ̃i(di(t)) aiΓi Φ̃12 010×1
? −γ2 01×10 0
? ? Φ̃î(dî(t)) aiΓî








Π̃1,1 Π̃1,2 Π̃1,3 Π̃1,4 Π̃1,5 Π̃1,6
? Π̃2,2 Π̃2,3 Π̃2,4 Π̃2,5 Π̃2,6
? ? Π̃3,3 Π̃3,4 Π̃3,5 Π̃3,6
? ? ? Π̃4,4 Π̃4,5 Π̃4,6
? ? ? ? Π̃5,5 Π̃5,6





0 −kpm 01×2 −kpm 01×5
−kpm 0 01×2 −1 01×5
02×1 02×1 02×2 02×1 02×5
−kpm −1 01×2 0 01×5




Π̃m1,1 = −2αm + d̄2mZm + d̄4mSm, Π̃(i1,5) = ei(kps + kpm) + 2cikpm, Π̃i2,2 = −Qi(1−
µi)−4Zi−2Xi12−4Z̄i(di(t)), Π̃(i2,3) = −2Z̄i(di(t))−XTi22, Π̃i2,4 = 6Z̄(di(t))−Xi32,
Π̃i2,5 = −Xi11 − 2Zi, Π̃i2,6 = −Xi13 + 6Zi, Π̃i3,3 = −4Z̄(di(t)), Π̃i3,4 = 6Z̄(di(t)),
Π̃i3,5 = −Xi21, Π̃i3,6 = −Xi23, Π̃i4,4 = −12Z̄(di(t)), Π̃i4,5 = −Xi31, Π̃i4,6 = −Xi33,
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ψ̄i, ψ̄i, ci, ei, εi3 are defined in Theorem 5.2.







T q̇m(t) + q̇s(t)
T q̇s(t),



































The rest of the Theorem 5.4 Proof is verbatim of the Proof of Theorem 5.2.
Remark 5.1. In tele-operation systems, it is a common practice to combine the
dynamics of the human operator with the dynamics of the master robot when using
SMC, and similarly for the slave and environment forces. This is very common
practice in order to avoid the compensation of these exogenous forces during the
reaching phase of SMC. For instance, the human and environment models used
in some of the literature are given as follows:
Fh =fh −Mhẍm −Bhẋm − kh(xm − xmo),
Fe =fe +Meẍs +Beẋs + ke(xs − xso),
where fh, Mh, Bh, kh, fe, Me, Be, ke, are the values of the physical parameters of
the models, ẍi, ẋi, xi, are the acceleration, velocity and position values in opera-
tional space, and xso and xmo represent the contact points of the environment and
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the hand of the human operator respectively. Using some mathematical manipu-
lation along with robotic systems properties, this could be transformed to the joint
space and combined with the dynamics of the master and slave systems given in
(5.1) as follows [94]:
Mmm(qm)q̈m + Cmm(qm, q̇m)q̇m +Gmm(qm) = τm,
Mss(qs)q̈s + Css(qs, q̇s)q̇s +Gss(qs) = τs,
where Mmm(qm) = Mm(qm) + J
T
mMhJm, Cmm(qm, q̇m) = Cm(qm, q̇m) + J
T
mBhJm
+JTmMhJ̇m, Gmm(qm) = Gm(qm)+J
T
mkh(hm(qm)−xmo)−JTmfh, Mss(qs) = Ms(qs)+




s MeJ̇s, Gss(qs) = Gs(qs)+J
T
s ke(hs(qs)−
xso)−JTs fe, and hm(qm), hs(qs) represents the forward kinematics of the joint space
variables.
Although this abstraction is mathematically correct, it will eliminate most of the
dynamics from the human operator and the environment effects as part of the non-
linearity and uncertain dynamics of the system that are required to be compensated.
Synchronization between master and slave systems can be achieved, but with hin-
dered effect of the applied exogenous torques τe and τh see e.g., [94–96]. To avoid
the compensation of the τe and τh during the reaching phase and to avoid compen-
sating part of their dynamics as nonlinear or uncertain dynamics, in this chapter
τe and τh are included in the sliding manifold design.
Remark 5.2. It is worth mentioning here that the synchronization criteria de-
veloped based on the use of FTSMC has two main shortcomings when applied for
tele-operation systems. First, it cannot guarantee asymptotic convergence of syn-
chronization error. Take the simplest sliding variable, e.g., sm = em + ė
γ
m and
ss = es + ė
γ
s , on the sliding mode surface we have:
sm = em + ė
γ
m = ss (5.15)





qm(t)− qs(t) = qs(t− ds(t))− qm(t− dm(t)) + ėγm − ėγs . (5.16)
Even after the error functions in (5.3) converge to zero, we have
qm(t)− qs(t) = qs(t− ds(t))− qm(t− dm(t)). (5.17)
Since ds(t) and dm(t) are arbitrary, there is no way to guarantee the convergence
of synchronization error in this case. Figure 5.1 shows the schematic diagram of
the FTSMC control scheme for tele-operation system.
Figure 5.1: Schematic diagram of applying FTSMC to tele-operation systems.
Secondly, FTSMC requires the acceleration measurement in its design. Assum-
ing that the acceleration information is available and could be exchanged between
the two sides of the tele-operation systems, can limit the application of FTSMC,
because acceleration signal is very noisy and hard to be measured accurately see
e.g. [94–96].
Remark 5.3. The construction of an appropriate Lyapunov–Krasovskii functional
is essential for obtaining less conservative delay-dependent stability criteria for
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time-delay systems. The conservatism of the constructed LKF is highly dependent
on the bounding techniques used to estimate the upper bounds of the derivative of
the designed LKF. In this chapter, the LKFs constructed in the previous chapter,
which is proofed to give less conservative results, is adopted in this part and adapted
to be used for the closed-loop systems given in this chapter. Moreover, unlike
previous chapter, the effects of human operator and environment forces are not
necessary to comply with specific dynamics or specific assumptions.
5.5 Simulation results
Simulation examples are performed on two identical coupled robotic arms with
2DOF given in Section 4.4.2 [31–33,94]. Same nominal values of the physical parts
are considered in this section, and are given by, m1 = 10kg, m2 = 5 kg, r1 =
0.7m, r2 = 0.5m, and g = 9.81m/sec
2, while the actual values are chosen to
be m1 = 10.5kg, m2 = 5.5 kg, r1 = 0.9m, r2 = 0.7m and g = 9.81m/sec
2.
Controllers’ parameters used in this section obtained by solving the LMIs given
in Theorem 5.2, where they found to be kdi = 5, kpi = 1 with respect to the
upper bounds of the forward and backward varying time-delays d̄m = 0.1, d̄s = 3
respectively, and for γ = 0.9. Similarly by solving Theorem 5.4, the controllers’
parameters are found to be kpi = 50, with respect to the upper bounds of the
forward and backward time-varying delays d̄m = 0.1, d̄s = 0.7 respectively, and
for γ = 0.9. The dynamics of Fh and Fe are chosen to be non-passive that are
complied with the equation (5.18) with Fh(t), Fe(t) ≤ C and C ∈ R is some upper
bounded value.
Fh(t) = fh(t)− 4q̇m − 3.5qm,
Fe(t) =
fe(t) + 2.5q̇s + 3.5qs for 0 < t ≤ 40,0 for t > 40.
(5.18)
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This simulation is used to verify the following:
1. The stability of the closed loop system using the controllers given in equation
(5.6) and equation (5.10) with free and constrained motion at the slave side.
2. The robustness of the designed controllers against external disturbance and
model uncertainty.
Position and torque tracking behaviours of the ISMC with applying the controller
given in equation (5.6), which uses velocity measurement, are presented in Figure
5.2 to Figure 5.5 with τh = τe = 0, and in Figure 5.8 to Figure 5.11 with τh, τe > 0.
It is clearly shown that the slave system is actually mimicking the behaviour
of the master system where position and torque tracking errors are asymptotically
converging to a small bound around zero when there is no interaction with the
environment, i.e., τe = 0. Moreover, bounded value of errors are obtained whenever
there is a bounded torque applied from the environment, i.e., τe > 0.
Similarly, for the case of ISMC without velocity measurements using the con-
troller given in equation (5.10) which are presented in Figures 5.12 to 5.15 with
τh = τe = 0 and in Figures 5.17 to 5.20 with τh, τe > 0.
All the tracking results obtained in this section are captured with the exis-
tence of external disturbance torques τdi = [2 sin(t) + 0.5 sin(200πt) 2 cos(2t) +
0.5 sin(200πt)] on both master and slave systems in addition to system parame-
ters uncertainty mentioned earlier. The simulation results are clearly showing the
stability of the system and verifying the theory behind the controllers design.
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Figure 5.2: Error in master and slave joint space with velocity measurement and
τh = τe = 0.



























Figure 5.3: Instantaneous error in joint space with velocity measurement and
τh = τe = 0.
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Figure 5.4: Torque error in master joint space with velocity measurement and


























Figure 5.5: Position error in the operational space with velocity measurement
and τh = τe = 0.
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Figure 5.6: Torques applied by the environment at the joint space with velocity
measurement.




















Figure 5.7: Torques issued by the human operator at the joint space with velocity
measurement.
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Figure 5.8: Error in master and slave joint space with velocity measurement and
τh, τe > 0.





























Figure 5.9: Instantaneous error in joint space with velocity measurement and
τh, τe > 0.
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Figure 5.10: Torque error in master joint space with velocity measurement and




































Figure 5.11: Position error in the operational space with velocity measurement
and τh, τe > 0.
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Figure 5.12: Error in master and slave joint space without velocity measurement
and τh = τe = 0.
































Figure 5.13: Instantaneous error in joint space without velocity measurement
and τh = τe = 0.
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Figure 5.14: Torque error in master joint space without velocity measurement



































Figure 5.15: Position error in the operational space without velocity measure-
ment and τh = τe = 0.
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Figure 5.16: Torques issued by the human operator at the joint space without
velocity measurement..



















































Figure 5.17: Error in master and slave joint space without velocity measurement
and τh, τe > 0.
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Figure 5.18: Instantaneous error in joint space without velocity measurement




































Figure 5.19: Position error in the operational space without velocity measure-
ment and τh, τe > 0.
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Figure 5.20: Torque error in master joint space without velocity measurement
and τh, τe > 0.
5.6 Conclusions
This chapter extends the synchronization problem of non-linear tele-operation sys-
tems with time varying-delays, considered in the previous chapter, to incorporate
the effects of disturbance and parameters uncertainty with the non-passive exoge-
nous inputs from the human operator and environment. To solve the problem, a
robust integral sliding mode algorithm is proposed, then delay-dependent stability
conditions for the designed controller are given in the form of LMI, by using a
modified version of the novel Lyapunov–Krasovskii functional constructed in the
previous chapter. Solving the proposed LMI determines the optimal controller
parameters as a function of the bounds of the time varying-delays and the bounds
of inertia matrix of the system. Furthermore, non-passive exogenous force inputs
are applied from the human operator and the environment sides, the robustness of
the controllers against this admissible forces is ensured using H∞ design method
with a prescribed attenuation level γ.
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Chapter 6
Conclusions and Suggestions for
Further Research
6.1 Conclusions
This thesis has studied robust control of non-linear tele-operation systems with
variable time-delays by using the Lyapunov-Krasovskii methodology that can be
formalized as LMI. The studied solutions have focused on the stability, synchro-
nization, and conservativeness of the proposed criteria. The main focus of this
research is to build a delay-dependent control framework for a non-linear tele-
operation system with and without disturbance and uncertainty and with min-
imum assumptions regarding the dynamics of the human operator and environ-
mental forces.
The results obtained in this research has brought several useful outcomes to
the domain of tele-operation systems and time-delay systems control. A summary
of the main outcomes of this research is as follows:
• A comprehensive literature review on tele-operation systems, the main chal-
lenges, with special consideration to the problem of time-delays, has been
117
presented in Chapter 2. The review has analyzed the early and recent re-
searches on the problem of tele-operation systems stability in the presence of
time-delays. In addition, the research gaps and the main control objectives
(stability, synchronization, and transparency) of the tele-operation systems
have been highlighted.
• Novel criteria that ensure stability, synchronization, and high-level perfor-
mance under asymmetric time-varying delays have been proposed in Chapter
4. The LKF-based stability criteria are proven to be less conservative. Their
validity have been investigated for P-P and P-F bilateral state feedback con-
trol architecture with different dynamics of the operator and environment
forces. The bilateral controllers designed in Chapter 4, ensure bilateral posi-
tion tracking for the non-linear tele-operation system. To show the superior-
ity of the constructed LKF, similar configurations with those in the literature
have been followed during the evaluation, which include the passivity condi-
tions for the environment and the human operator forces. In addition, the
effects of the system inertia matrix from the obtained stability conditions
are eliminated by utilizing some Lagrangian systems properties, with the
assumption of an ideal system that is free from external disturbances and
parameters uncertainty.
• The stability criteria developed in Chapter 4 have been further extended in
Chapter 5. The state feedback controllers are used within the ISMC frame-
work to ensure robustness of the controllers against parameters uncertainty
and external disturbances. The controller’s design is established by consid-
ering the availability of either the velocity and position measurements or
the position measurements only. The LKF-based delay-dependent stability
criteria developed in Chapter 4 have been used to devise delay-dependent
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stability criteria for the designed ISMC. The controller parameters are ob-
tained numerically and as a function of delay bounds and system inertia
matrix-bounds .
• The assumptions applied to the dynamics of the environment and human
operator with the criteria developed in Chapter 4 are relaxed in Chapter
5 using the H∞ design method. By involving the dynamics of the human
operator force and the environment force to the LKF-based delay-dependent
criteria, their necessity of applying passivity assumptions on their dynamics
are waived. Using the H∞ design method, the system stability has been
proved for both cases of Fh = Fe = 0 and Fh, Fe > 0.
• All the designed criteria in this thesis have been formulated as LMIs by
constructing proper LKFs. The formalized LMIs are solved using the Matlab
LMI toolbox to obtain the controller parameters as a function of the delay
bounds and inertia matrix bounds of the robotic system. The main results of
this thesis have been presented in the form of theorems and corollaries, and
validated using numerical simulation for non-linear tele-operation systems.
6.2 Suggestions for further research
While this research has achieved significant outcomes, there are a number of areas
that can be further investigated. Suggestions for further research are as follows.
• The upper bounds of the external disturbance and model uncertainty are
assumed to be known for the control design. For further work, the classical
adaptive method can be used to estimate the upper bound of the system
uncertainty in an online manner.
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• In this research, τe is a non-passive force reflected to the user through the po-
sition measurements with and without velocity measurements. Direct force
feedback cannot be reflected with SMC, unless another technique is employed
to ensure the system stability with the existence of the extra injected force.
SMC based on impedance control at the master side [88, 89] can be studied
to cope with this problem.
• The external force, Fh(t) and Fe(t), measurements are assumed to be acces-
sible using sensors such as a strain gauge, or an unknown input observer.
Further research on designing suitable estimation techniques to provide the
measurement of these forces can be conducted.
• The outcome of this research can be further adapted to deal with the entire
pose of the robot using position and orientation of the end effector of the
robot. As such, heterogeneous tele-operation systems that include different
robot structures can be considered.
• Investigations on the coordination and synchronization of multi-agent sys-
tems could be carried out to guarantee stability and motion coordination in
the presence of communication delays as well as uncertainty, disturbance, as
well as non-passive operator and environmental forces.
• Hardware implementation of the proposed control schemes in this research
can provide additional validation of the obtained results.
• The restrictive condition that the derivative of the time-varying delay have
to be less than one could be relaxed.
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Appendix A
Proof of the derived theorems
A.1 Proof of Theorem 4.1


































































, and Pi =
Pi11 Pi12
? Pi22
. By differentiating the
LKF along the solution of (4.4) and using Property (B) we have:
V̇1(t) = −2ẋTm kh xm − 2ẋTm(k̄h + αm + kdm)ẋm + 2kdmẋTs (t− ds(t))ẋTm
+ 2kpmẋ
T
mxs(t− ds(t))− 2kpmẋTs xs + 2kpmxm(t− dm(t))ẋs
− 2kpmxmẋm + 2ẋsksẋTm(t− dm(t))− 2ẋTs (k̄se + kα + ks)ẋs,

































































Knowing that V̇ (t) =
∑6
j=1 V̇j(t), and using Lemma (3.5) to estimate the upper-













































































The right hand side of the first inequality in (A.15) is further handled by applying

















Provided that ρi(dij)  0, j = {1, 2}, moreover, estimating the double integral











































x(u)du, Z3i = (di2 − di(t))x(t −
di(t)) −
∫ t−di(t)








































Si −2Si Hi11 + H̄i11 Hi12 + H̄i12
? 6Si Hi21 + H̄i21 Hi22 + H̄i22
? ? Si −2Si




2Si −4Si Hi11 Hi12
? 12Si Hi21 Hi22
? ? 2Si −4Si
? ? ? 12Si




2Si −4Si H̄i11 H̄i12
? 12Si H̄i21 H̄i22
? ? 2Si −4Si
? ? ? 12Si
  0.






i (t) + Yi2x
T













Therefore, considering (A.6) and aggregating the upper-bound estimations of the









V̇ (t) ≤ ζT (t) Φ(dm(t), ds(t)) ζ(t),
where, Φi (di(t)) = [Φik,l]14×14 , k, l ∈ {1, · · · , 14}, and the elements of Φi(di(t))
are articulated in Appendix (B), ζT (t) = [ζm ζs]


































Moreover applying convex combination technique [157], and dm(t) ∈ [dm1, dm2],
ds(t) ∈ [ds1, ds2] we can obtain the following:
Φ1 = Φ(dm1, ds2) < 0.
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Φ2 = Φ(dm1, ds1) < 0.
Φ3 = Φ(dm2, ds2) < 0.
Φ4 = Φ(dm2, ds1) < 0.
A.2 Proof of Theorem 4.3


















































































































. Differentiating the LKF along the
126
solution of (4.13) and using Property (B) we have:


















































































































Recall that V̇ (t) =
∑10
j=1 V̇j(t), and using Lemma 3.5 to estimate the upper-bounds




q̇Ti (s) Ri q̇i(s) ds− di12
∫ t−di1
t−di(t)
q̇Ti (s) Z̄i q̇i(s) ds
≤ − di12
di2 − di(t)







q̇Ti (s) Zi q̇i(s) ds − 2d3i12
∫ t
t−di1





q̇Tm(s) Z q̇m(s) ds− d12
∫ t−d1
t−d(t)
q̇Tm(s) Z̄ q̇m(s) ds
≤ − d12
d2 − d(t)







q̇Tm(s) Z q̇m(s) ds − 2d312
∫ t
t−d1








































































































The right hand side of the first inequality in (A.15) and (A.9)is further handled





























provided that ρi(dij)  0, ρ̌(dj)  0, j = {1, 2}. Moreover, estimating the double

















































































































































































Si −2Si Hi11 + H̄i11 Hi12 + H̄i12
? 6Si Hi21 + H̄i21 Hi22 + H̄i22
? ? Si −2Si




S −2S H11 + H̄11 H12 + H̄12
? 6S H21 + H̄21 H22 + H̄22
? ? S −2S






2Si −4Si Hi11 Hi12
? 12Si Hi21 Hi22
? ? 2Si −4Si
? ? ? 12Si
  0, ϕ̄i =

2Si −4Si H̄i11 H̄i12
? 12Si H̄i21 H̄i22
? ? 2Si −4Si




2S −4S H11 H12
? 12S H21 H22
? ? 2S −4S
? ? ? 12S
  0, ϕ̄ =

2S −4S H̄11 H̄12
? 12S H̄21 H̄22
? ? 2S −4S
? ? ? 12S
  0
Therefore, considering derivative of (A.7) and aggregating the upper-bound









V̇ (t) ≤ ζT (t) Φ(dm(t), ds(t)) ζ(t)
where, Φm (dm(t)) = [Φmk,l]22×22 , k, l ∈ {1, · · · , 22},Φs (ds(t)) = [Φsw,v]13×13 ,
k, l ∈ {1, · · · , 13}, also the elements of Φm(dm(t)), and Φs(ds(t)) are articulated in
Appendix B.



























































































Moreover, applying convex combination technique (comb), and dm(t) ∈ [dm1, dm2],
and ds(t) ∈ [ds1, ds2] we can obtain the following:
Φ̌1 = Φ(dm1, ds2) < 0.
Φ̌2 = Φ(dm1, ds1) < 0.
Φ̌3 = Φ(dm2, ds2) < 0.
Φ̌4 = Φ(dm2, ds1) < 0.
k = (dm(t), ds(t)), j = ds(t); Z̄ = Z + d d(t)S,
A.3 Proof of Theorem 5.2








m q̇m + q̇
T
s q̇s,





















































Differentiating the LKF along the system trajectory, using property (B), and set-
ting τh = τe = 0 we have:
V̇1(t) = −2q̇Tm(αm − kdm)q̇m − 2kdmq̇Ts (t− ds(t))q̇Tm − 2kpmq̇Tmqs(t− ds(t))
+ 2kpsq̇
T
s qs − 2kpmqm(t− dm(t))q̇s + 2kpmqmq̇m
− 2q̇skdsq̇Tm(t− dm(t)) + 2q̇Ts (kds − αs)q̇s,























































Using Lemma (3.5) to estimate the upper-bounds of the single integral terms of
V̇ (t) =
∑6













































≤ −ζT3i ρ̊i (di(t))ζ3i,
provided that, ζT3i = [qi(t−di(t)), qi(t− d̄i), 1d̄i−di(t)
∫ t−di(t)
t−d̄i qi(s) ds, qi(t),
1
di(t)∫ t





















































































Zi1 Zi2 Zi3 Zi4
]T (A.18)
Therefore, the derivative of the constructed LKF can be given by:
V̇ (t) ≤ ζT (t) Φ̊(di(t), dî(t)) ζ(t),
where, ζT (t) = [ζi ζî]


































Four possible LMIs can be obtained by applying convex combination technique
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[157], for Φ̊(di(t), dî(t)) with di(t) ∈ [0, d̄i] where feasibility of all of them should
be ensured:
Φ̊i(di(t), dî(t)) < 0 ⇐⇒

Φ̊i(di(t) = 0, dî(t) = d̄î) < 0,
Φ̊i(di(t) = 0, dî(t) = 0) < 0,
Φ̊i(di(t) = d̄i, dî(t) = d̄î) < 0,
Φ̊i(di(t) = d̄i, dî(t) = 0) < 0.
If Φ̊ < 0, then the time-delay system (5.7) is asymptotically stable with w(t) = 0.













zT (t)z(t)− γ2wT (t)w(t) + ζ(t)T Φ̊(di(t))ζ(t)
]
dt.










ζi τj ζî τĵ
]
, j = h for i = m and it complementary ĵ = e for
i = s, and vice versa. Convex combination approach is used in order to check
the feasibility of the produced LMI for all the possible sixteen combinations of
the upper and lower bounds values of Mm(qm), Ms(qs), dm(t), and ds(t). There-
fore, Φ̊PD(di(t),Mi(qi), dî(t),Mî(qî)) < 0 ensures the tele-operation system (5.7) is
asymptotically stable with H∞ performance guaranteed under disturbance atten-
uation level γ which completes the proof.
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Appendix B
Parameters of the produced LMIs
The elements of Φi(di(t)), i = {m, s} are defined as follows:
Φm1,1 = −2(kdm+ k̄h+αm) +d2m12Rm+dm1Zm+Qm+d2m12(d2m2−d2m1)Sm, Φs1,1 =
−2(ks+ k̄se+kα)+d2s12Rs+ds1Zs+Qs+d2s12(d2s2−d2s1)Ss, Φi1,3 = P Ti21, Φi1,12 = P Ti11,
Φi2,2 = −Qi(1 − µi), Φi2,3 = P Ti22(1 − µi), Φi2,12 = P Ti12(1 − µi), Φi3,3 = −4Ri −
2Xi12 − 4Z̄(di(t)), Φi3,4 = −2Ri −XTi22, Φi3,5 = 6Ri −XTi32, Φi3,6 = −2Z̄i(di(t))−
Xi11, Φi3,7 = −Xi13 + 6Z̄i(di(t)), Φi4,4 = −4Ri, Φi4,5 = 6Ri, Φi4,6 = −Xi21,
Φi4,7 = −Xi23, Φi5,5 = −12Ri, Φi5,6 = −Xi31, Φi5,7 = −Xi33, Φi6,6 = −4Z̄i(di(t))−
(4Zi + 8Sid
3
i12)/di1 − 2Yi2, Φi6,7 = 6Z̄i(di(t)), Φi6,12 = (−2Zi − 4Sid3i12)/di1 + Yi2 −





, Φi6,14 = −Y Ti3 − Yi2, Φi7,7 = −12Z̄i(di(t)), Φi8,8 =
−12Si, Φi8,9 = 24Si, Φi8,10 = −12(Hi11 + H̄i11), Φi8,11 = −12(Hi12 + H̄i12), Φi9,9 =
−72Si, Φi9,10 = −12(Hi21 +H̄i21), Φi9,11 = −12(Hi22 + H̄i22), Φi10,10 = −12Si,





i1, Φi12,14 = Yi3 − Yi1, Φi13,13 = (−12Zi − 24Sid3i12)/d3i1, and
Φi14,14 = −2Yi3.
The elements of Φ̄i(di(t)), i = {m, s} are defined as follows:
Φ̄m1,1 = −2(kdm + αm + k̄h) + d̄2mZm + Qm + d̄4mSm, Φ̄s1,1 = −2(ks + kα + k̄se) +
d̄2sZs + Qs + d̄
4
sSs, Φ̄(i1,3) = P
T
i12, Φ̄(i1,6) = P
T
i11, Φ̄i2,2 = −Qi(1 − µi), Φ̄i2,3 =
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P Ti22(1 − µi), Φ̄i2,6 = P Ti12(1 − µi), Φ̄i3,3 = −4Z̄i(di(t)) − 2Xi12 − 4Zi, Φ̄i3,4 =
−2Z̄i(di(t))−XTi22, Φ̄i3,5 = 6Z̄i(di(t))−XTi32, Φ̄i3,6 = −Xi11− 2Zi, Φ̄i3,7 = −Xi13 +
6Zi, Φ̄i4,4 = −4Z̄i(di(t)), Φ̄i4,5 = 6Z̄i (di(t)), Φ̄i4,6 = − Xi21 , Φ̄i4,7 = −Xi23,
Φ̄i5,5 = −12Z̄i(di(t)), Φ̄i5,6 = −Xi31, Φ̄i5,7 = −Xi33, Φ̄i6,6 = −4Zi, Φ̄i6,7 = 6Zi,
Φ̄i7,7 = −12Zi, Φ̄i8,8 = −6Si, Φ̄i8,9 = 12Si, Φ̄i8,10 = −6(Hi11 + H̄i11), Φ̄i8,11 =
−6(Hi12 + H̄i12), Φ̄i9,9 = −36Si, Φ̄i9,10 = −6(Hi21 + H̄i21), Φ̄i9,11 = −6(Hi22 + H̄i22),
Φ̄i10,10 = −6Si, Φ̄i10,11 = 12Si, and Φ̄i11,11 = −36Si.
The elements of Φ̃i(di(t)), i = {m, s} are defined as follows:
Φ̃m1,1 = −2αm+d̄2mZm+d̄4mSm, Φ̃s1,1 = −2kα+d̄2sZs+d̄4sSs, Φ̃(1,4) = P Tm13(d̄i−di(t)),
Φ̃(i1,5) = Pi11(kps − kpm), Φ̃(i1,6) = P Ti12di(t), Φ̃i2,2 = −Qi(1 − µi) − 4Zi − 2Xi12 −
4Z̄i(di(t)), Φ̃(i2,3) = −2Z̄i(di(t))−XTi22, Φ̃i2,4 = 6Z̄(di(t))−Xi32 +(Pi33−Pi23)(d̄i−
di(t))(1 − µi), Φ̃i2,5 = −Xi11 − 2Zi + (Pi13 − Pi12)(1 − µi), Φ̃i2,6 = −Xi13 + 6Zi +
(Pi23 − Pi22)(1 − µi)di(t), Φ̃i3,3 = −4Z̄(di(t)), Φ̃i3,4 = 6Z̄(di(t)) − Pi33(d̄i − di(t)),
Φ̃i3,5 = −Xi21−P13, Φ̃i3,6 = −Xi23−Pi23di(t), Φ̃i4,4 = −12Z̄(di(t)), Φ̃i4,5 = −Xi31+
Pi23(d̄i − di(t)), Φ̃i4,6 = −Xi33, Φ̃i5,5 = Qi − 4Zi + 2Pi12, Φ̃i5,6 = 6Zi + di(t)Pi22,
Φ̃i6,6 = −12Zi, Φ̃i7,7 = −6Si, Φ̃i7,8 = 12Si, Φ̃i7,9 = −6(Hi11 + H̄i11), Φ̃i7,10 =
−6(Hi12 + H̄i12), Φ̃i8,8 = −36Si, Φ̃i8,9 = −6(Hi21 + H̄i21), Φ̃i8,10 = −6(Hi22 + H̄i22),
Φ̃i9,9 = −6Si, Φ̃i9,10 = 12Si, and Φ̃i10,10 = −36Si.
The elements of Φ̂i(di(t)), i = {m, s} are defined as follows:
Φ̂km1,1 = −2αm + d̄2mZm + d̄4mSm + d2Z + d4S, Φ̂km1,4 = P Tm12(d̄m −dm(t)), Φ̂km1,5 =






m1,11 = −ks, Φ̂km1,13 = P Tm14(d − d(t)), Φ̂k(m1,14) =
P Tm15d(t), Φ̂
k
m2,2 = −Qm(1 − µm) − 4Zm − 4Z̄m − 2Xm12, Φ̂km2,3 = −2Z̄m − Xm22,
Φ̂km2,4 = 6Z̄m−XTm32 +(Pm22−Pm23)(d̄m−dm(t))(1−µm), Φ̂km2,5 = −Xm11−2Zm+
(Pm13−Pm12)(1−µm), Φ̂km2,6 = −Xm13+6Zm+(Pm23−Pm33)(1−µm)dm(t),Φ̂km2,13 =
(Pm24−Pm34)(1−µm)(d−d(t)),Φ̂km2,14 = (Pm25−Pm35)(1−µm)d(t), Φ̂km3,3 = −4Z̄m,
Φ̂km3,4 = 6Z̄m − Pm22(d̄m − dm(t)), Φ̂km3,5 = −Xm21 − P12, Φ̂km3,6 = −Xm23 −
Pm33dm(t), Φ̂
k
m3,13 = −P Tm34 (d − d(t)), Φ̂km3,14 = −P Tm35d(t), Φ̂km4,4 = −12Z̄m,
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Φ̂km4,5 = −Xm31 + (P Tm23 + Pm25)(d̄m − dm(t), Φ̂km4,6 = −Xm33, Φ̂km4,11 = (Pm24 −
Pm25)(d̄m − dm(t))(1 − µ), Φ̂km4,12 = −P Tm24(d̄m − dm(t)), Φ̂km5,5 = Qm − 4Zm +
Q − 4Z + 2Pm13 + 2Pm15, Φ̂km5,6 = 6Zm + (Pm33 + Pm35)dm(t), Φ̂km5,11 = −Y T11 −
2Z + (Pm14 − Pm15)(1− µ), Φ̂km5,12 = −Y21 − P T14, Φ̂km5,13 = −Y31 + (P34 + P45)(d−
d(t)), Φ̂km5,14 = 6Z + (P35 + P55)d(t), Φ̂
k
m6,6 = −12Zm, Φ̂km6,11 = (P34 − P35)(1 −
µ)dm(t), Φ̂
k
m6,12 = −P T34dm(t), Φ̂km7,7 = −6Sm, Φ̂km7,8 = 12Sm, Φ̂km7,9 = −6(Hm11 +
H̄m11), Φ̂
k
m7,10 = −6(Hm12 + H̄m12), Φ̂km8,8 = −36Sm, Φ̂km8,9 = −6(Hm21 + H̄m21),
Φ̂km8,10 = −6(Hm22 + H̄m22), Φ̂km9,9 = −6Sm, Φ̂km9,10 = 12Sm, Φ̂km10,10 = −36Sm,
Φ̂km11,11 = −Q(1−µ)−4Z−4Z̄−2Y12, Φ̂km11,12 = −2Z̄−Y T22, Φ̂km11,13 = 6Z̄−Y T32 +
(Pm44 − Pm45)(d̄− d(t))(1− µ), Φ̂km11,14 = −Y13 + 6Z + (Pm45 − Pm55)(1− µ)d(t),
Φ̂km12,12 = −4Z̄, Φ̂km12,13 = 6Z̄ − P44(d− d(t)), Φ̂km12,14 = −Y23 − P45d(t), Φ̂km13,13 =
−12Z̄, Φ̂km13,14 = −Y33, Φ̂km14,14 = −12Z, Φ̂km15,15 = −6S, Φ̂km15,16 = 12S, Φ̂km15,17 =
−6(H11+H̄11), Φ̂km15,18 = −6(H12+H̄12), Φ̂km16,16 = −36S, Φ̂km16,17 = −6(H21+H̄21),
Φ̂km16,18 = −6(H22 + H̄22), Φ̂km17,17 = −6S, Φ̂km17,18 = 12S, Φ̂km18,18 = −36S.















s2,2 = −Qs(1−µs)−4Zs−4Z̄s−2Xs12 +2(P24s−P34s)(1−µs),
Φ̂js2,3 = −2Z̄s −XTs22 − Ps24, Φ̂
j
s2,4 = 6Z̄s −XTs32 + (P22s − P23s)(1− µs)(d̄s − ds(t)),
Φ̂js2,5 = −Xs11 − 2Zs + (Ps12 − Ps13)(1− µs) + Ps34, Φ̂2,6 = −X13s + 6Zs + (P Ts23 −
P33s)(1−µs)ds(t), Φ̂2,11 = P Ts44(1−µs), Φ̂
j
s3,3 = −4Z̄s, Φ̂
j
s3,4 = 6Z̄s−Ps22(d̄s−ds(t)),
Φ̂js3,5 = −Xs21 − Ps12, Φ̂
j
s3,6 = −Xs23 − Ps23ds(t), Φ̂
j
s4,4 = −12Z̄s, Φ̂
j
s4,5 = −Xs31 +
P Ts23(d̄s − ds(t)), Φ̂
j
s4,6 = −Xs33, Φ̂
j
s4,11 = −Ps24(d̄s − ds(t))(1 − µs), Φ̂
j
s5,5 = Qs −
4Zs + 2Ps13, Φ̂
j






s6,6 = −12Zs, Φ̂
j
s6,11 =
Ps34(1 − µs)ds(t), Φ̂js7,7 = −6Ss, Φ̂
j
s7,8 = 12Ss, Φ̂
j
s7,9 = −6(Hs11 + H̄s11), Φ̂
j
s7,10 =
−6(Hs12+H̄s12), Φ̂js8,8 = −36Ss, Φ̂
j
s8,9 = −6(Hs21+H̄s21), Φ̂
j
s8,10 = −6(Hs22+H̄s22),
Φ̂js9,9 = −6Ss, Φ̂
j
s9,10 = 12Ss, Φ̂
j
s10,10 = −36Ss, and Φ̂
j
s11,11 = −Ts(1− µs).
The elements of Φ̆i(di(t)), i = {m, s} are defined as follows:
Φ̆i11 = −2αm + d2i12Rm + d2i12Sm(d2i2− d2i1) + di1Zm, Φ̆i14 = Pi12(di2− di(t)), Φ̆i16 =
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Pi13(di(t)− di1), Φ̆i17 = Pi11, Φ̆i22 = −Qm(1− µm)− 4Rm − 2Xi12 − 4R̄m, Φ̆i23 =
−2Rm −Xi22, Φ̆i24 = 6Rm −Xi23, Φ̆i24 = (Pi22 − Pi23)(di2− di(t))(1− µm), Φ̆i25 =
−Xi11−2R̄m, Φ̆i26 = −X13 + 6R̄m, Φ̆i26 = (Pi32−Pi33)(di(t)−di1)(1−µm), Φ̆i27 =
(Pi11 − Pi13)(1− µm), Φ̆i33 = −4Rm, Φ̆i34 = 6Rm, Φ̆i34 = (Pi23 − Pi22)(di2 − di(t)),
Φ̆i35 = −Xi21, Φ̆i36 = −Xi23, Φ̆i36 = (Pi33 − Pi32)(di(t) − di1), Φ̆i37 = Pi13 − Pi12,





























, Φ̆i99 = −4Sm,
Φ̆i9,11 = −4(Hi11 + Φ̆Hi11), Φ̆i9,12 = −4(Hi12 + H̄i12), Φ̆i10,10 = −8Sm, Φ̆i10,11 =
−4(Hi21 + H̄i21), Φ̆i10,12 = −4(Hi22 + H̄i22), Φ̆i11,11 = −4Sm, Φ̆i12,12 = −8Sm.
The elements of Φ̌m, are defined as follows:
Φ̌m11 = −2αm+d2m12Rm+d2m12Sm(d2m2−d2m1)+dm1Zm+d212Z+d212S(d22−d21)+d1Q,
Φ̌m14 = Pm12(dm2 − dm(t)), Φ̌m16 = Pm13(dm(t) − dm1), Φ̌m1,11 = Kps + Pm11,
Φ̌m1,13 = −Kps, Φ̌m1,15 = Pm14(d2 − d(t)), Φ̌m1,17 = Pm15(d(t) − d1), Φ̌m22 =
−Qm(1−µm)− 4Rm− 2Xm12− 4R̄m, Φ̌m23 = −2Rm−Xm22, Φ̌m24 = 6Rm−Xm32,
Φ̌m24 = (Pm22−Pm23)(dm2−dm(t))(1−µm), Φ̌m25 = −Xm11−2R̄m, Φ̌m26 = −X13+
6R̄m, Φ̌m26 = (Pm23−Pm33)(dm(t)−dm1)(1−µm), Φ̌m2,11 = (Pm12−Pm13)(1−µm),
Φ̌m2,15 = (Pm24−Pm34)(1−µm)(d2−d(t)), Φ̌m2,17 = (Pm25−Pm35)(1−µm)(d2−d(t)),
Φ̌m33 = −4Rm, Φ̌m34 = 6Rm, Φ̌m34 = Pm22)(dm2 − dm(t)), Φ̌m35 = −Xm21, Φ̌m36 =
−Xm23, Φ̌m36 = −Pm33(dm(t) − dm1), Φ̌m3,11 = Pm12, Φ̌m3,15 = −Pm34(d2 − d(t)),
Φ̌m3,17 = −Pm33(d(t)− d1), Φ̌m44 = −12Rm, Φ̌m45 = −Xm13 + Pm23(dm2 − dm(t)),
Φ̌m46 = −Xm33, Φ̌m4,13 = (P24 − P25)(1 − µ)(dm2 − dm(t)), Φ̌m4,14 = P24(dm2 −
dm(t)), Φ̌m4,16 = P25(dm2− dm(t)), Φ̌m55 = −4R̄m− 4Zmdm1 −
8d3m12Sm
dm1
, Φ̌m56 = 6R̄m +











P34(d2 − d(t)), Φ̌m5,17 = P35(d(t)− d1), Φ̌m66 = −12R̄m, Φ̌m6,13 = (P34 − P35)(1−
µ)(dm(t)− dm1), Φ̌m6,14 = −P34(1− µ)(dm(t)− dm1), Φ̌m6,15 = −P35(dm(t)− dm1),
Φ̌m77 = −12Sm, Φ̌m78 = 24Sm, Φ̌m79 = −12(Hm11 + H̄m11), Φ̌m7,10 = −12(Hm12 +
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H̄m12), Φ̌m88 = −72Sm, Φ̌m89 = −12(Hm21 + H̄m21) Φ̌m8,10 = −12(Hm22 + H̄m22)























−4Z−4Z̄m−2Y12, Φ̌m13,14 = −2Z−Y12, Φ̌m13,15 = 6Z−Y32 +P44(1−µ)(d2−d(t)),
Φ̌m13,16 = −2Z − Y12, Φ̌m13,17 = 6Z − Y13 + P45(1 − µ)(d2 − d(t)), Φ̌m14,14 =
−4Z, Φ̌m14,15 = 6Z − (P44 + P45)(d2 − d(t)) Φ̌m14,16 = −Y21, Φ̌m14,17 = −Y23 −
(P45 + P55)(d(t) − d1)(1 − µ), Φ̌m15,15 = −12Z, Φ̌m15,16 = −Y31 + P45(d2 − d(t)),
Φ̌m15,17 = −Y33, Φ̌m16,16 = −4Z̄ − 4Zd1 −
8d312
d1







, Φ̌m17,17 = −12Z̄, Φ̌m18,18 = −12Zd31 −
24d312
d31
, Φ̌m19,19 = −12S,
Φ̌m19,20 = 24S, Φ̌m19,21 = −12(H11 + H̄11), Φ̌m19,22 = −12(H21 + H̄21), Φ̌m20,20 =
−72S, Φ̌m20,21 = −12(H21 + H̄21), Φ̌m20,22 = −12(H22 + H̄22), Φ̌m21,21 = −12S,
Φ̌m21,22 = 24S, Φ̌m22,22 = −72S.
The elements of Φ̆s, are defined as follows:
Φ̌s11 = −2αs + d2s12Rs + d2s12Ss(d2s2 − d2s1) + ds1Zs, Φ̌s14 = Ps12(ds2 − ds(t)), Φ̌s16 =
Ps13(ds(t) − ds1), Φ̌s17 = Ps11, Φ̌s22 = −Qs(1 − µs) − 4Rs − 2Xs12 − 4R̄s, Φ̌s23 =
−2Rs −Xs22, Φs24 = 6Rs −Xs23, Φ̌s24 = (Ps22 − Ps23)(ds2 − ds(t))(1− µs), Φ̌s25 =
−Xs11− 2R̄s, Φ̌s26 = −X13 + 6R̄s, Φ̌s26 = (Ps32−Ps33)(ds(t)− ds1)(1−µs), Φ̌s27 =
(Ps11 − Ps13)(1− µs), Φ̌s33 = −4Rs, Φs34 = 6Rs, Φ̌s34 = (Ps23 − Ps22)(ds2 − ds(t)),
Φ̌s35 = −Xs21, Φs36 = −Xs23, Φ̌s36 = (Ps33 − Ps32)(ds(t) − ds1), Φ̌s37 = Ps13 −














, Φs66 = ∗12R̄s, Φ̌s77 =














, Φs99 = −4Ss,
Φ̌s9,11 = −4(Hs11 + H̄s11), Φ̌s9,12 = −4(Hs12 + H̄s12), Φ̌s10,10 = −8Ss, Φ̌s10,11 =
−4(Hs21 + H̄s21), Φ̌s10,12 = −4(Hs22 + H̄s22), Φ̌s11,11 = −4Ss, Φ̌s12,12 = −8Ss,
Φ̌s13,13 = −Ts(1− µs).
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[66] E. Nuño, L. Basañez, R. Ortega, and M. W. Spong, “Position tracking for
non-linear teleoperators with variable time delay,” The International Journal
of Robotics Research, vol. 28, no. 7, pp. 895–910, 2009.
[67] H. R. Karimi and H. Gao, “LMI-based H-infinity synchronization of second-
order neutral master-slave systems using delayed output feedback control,”
International Journal of Control, Automation and Systems, vol. 7, no. 3, pp.
371–380, 2009.
[68] B. Zhang, A. Kruszewski, and J.-P. Richard, “H-infinity robust control de-
sign for teleoperation systems,” IFAC Proceedings Volumes, vol. 45, no. 13,
pp. 666–671, 2012.
[69] K. Razi, M. Yazdanpanah, and S. S. Ghidary, “Nonlinear H-infinity control
of a bilateral nonlinear teleoperation system,” IFAC Proceedings Volumes,
vol. 41, no. 2, pp. 12 727–12 732, 2008.
[70] B. Zhang, A. Kruszewski, and J.-P. Richard, “Tracking improvement based
on the proxy control scheme for bilateral teleoperation system under time-
varying delays,” IEEE 16th Conference on Emerging Technologies & Factory
Automation (ETFA), pp. 1–8, 2011.
[71] ——, “H-infinity control of delayed teleoperation systems under polytopic-
type uncertainties,” 20th Mediterranean Conference on Control & Automa-
tion (MED), pp. 954–959, 2012.
161
[72] M. S. Sadeghi, H. R. Momeni, and R. Amirifar, “H-infinity and L1 control of
a teleoperation system via LMIs,” Applied Mathematics and Computation,
vol. 206, no. 2, pp. 669–677, 2008.
[73] S. Islam, P. X. Liu, and A. E. Saddik, “Nonlinear adaptive control for teleop-
eration systems with symmetrical and unsymmetrical time-varying delay,”
International Journal of Systems Science, vol. 46, no. 16, pp. 2928–2938,
2015.
[74] S. Islam, P. Liu, A. El Saddik, and Y. B. Yang, “Bilateral control of teleoper-
ation systems with time delay,” IEEE/ASME Transactions on Mechatronics,
vol. 20, no. 1, pp. 1–12, 2015.
[75] S. Islam, P. Liu, and A. El Saddik, “Nonlinear control for teleoperation
systems with time varying delay,” Nonlinear Dynamics, vol. 76, no. 2, pp.
931–954, 2014.
[76] Z. Li, X. Cao, and N. Ding, “Adaptive fuzzy control for synchronization of
nonlinear teleoperators with stochastic time-varying communication delays,”
IEEE Transactions on Fuzzy Systems, vol. 19, no. 4, pp. 745–757, 2011.
[77] Z. Li and C.-Y. Su, “Neural-adaptive control of single-master–multiple-
slaves teleoperation for coordinated multiple mobile manipulators with time-
varying communication delays and input uncertainties,” IEEE transactions
on neural networks and learning systems, vol. 24, no. 9, pp. 1400–1413, 2013.
[78] Z. Li, Y. Xia, and F. Sun, “Adaptive fuzzy control for multilateral coopera-
tive teleoperation of multiple robotic manipulators under random network-
induced delays,” IEEE Transactions on Fuzzy Systems, vol. 22, no. 2, pp.
437–450, 2014.
162
[79] C. Melchiorri, “Robotic telemanipulation systems: An overview on control
aspects,” Proceedings of the 7th IFAC Symposium on Robot Control, vol. 1,
pp. 707–716, 2003.
[80] P. Arcara and C. Melchiorri, “Control schemes for teleoperation with time
delay: A comparative study,” Robotics and Autonomous systems, vol. 38,
no. 1, pp. 49–64, 2002.
[81] K. Hashtrudi-Zaad and S. Salcudean, “Analysis and evaluation of stability
and performance robustness for teleoperation control architectures,” IEEE
International Conference on Robotics and Automation, vol. 4, pp. 3107–3113,
2000.
[82] K. Hashtrudi-Zaad, “Design, implementation and evaluation of stable bi-
lateral teleoperation control architectures for enhanced telepresence,” Ph.D.
dissertation, University of British Columbia, 2009.
[83] H. Sakai, D. Tomizuka, and K. Ohnishi, “Compliance control for stabiliza-
tion of bilateral teleoperation system in the presence of time delay,” IEEE
International Conference on Mechatronics (ICM), pp. 62–67, 2017.
[84] V. Utkin, J. Guldner, and J. Shi, Sliding mode control in electro-mechanical
systems. CRC press, 2009, vol. 34.
[85] P. Buttolo, P. Braathen, and B. Hannaford, “Sliding control of force reflect-
ing teleoperation: Preliminary studies,” Presence: Teleoperators & Virtual
Environments, vol. 3, no. 2, pp. 158–172, 1994.
[86] J. H. Park and H. C. Cho, “Sliding-mode controller for bilateral teleoper-
ation with varying time delay,” IEEE/ASME International Conference on
Advanced Intelligent Mechatronics, pp. 311–316, 1999.
163
[87] ——, “Sliding mode control of bilateral teleoperation systems with force-
reflection on the internet,” IEEE/RSJ International Conference on Intelli-
gent Robots and Systems, vol. 2, pp. 1187–1192, 2000.
[88] N. Gonzalez, O. Salas-Peña, J. DeLeon-Morales, S. Rosales, and V. Parra-
Vega, “Observer-based integral sliding mode approach for bilateral teleoper-
ation with unknown time delay,” Automatika–Journal for Control, Measure-
ment, Electronics, Computing and Communications, vol. 57, no. 3, 2016.
[89] L. G. Garćıa-Valdovinos, A. López-Segovia, H. Santacruz-Reyes, T. Salgado-
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[148] E. Nuño, L. Basañez, R. Ortega, and M. W. Spong, “Position tracking for
non-linear teleoperators with variable time delay,” The International Journal
of Robotics Research, vol. 28, no. 7, pp. 895–910, 2009.
[149] E. Nuño and L. Basañez, “Nonlinear bilateral teleoperation: Stability analy-
sis,” IEEE International Conference on Robotics and Automation, pp. 3718–
3723, 2009.
[150] F. Hashemzadeh and M. Tavakoli, “Position and force tracking in nonlinear
teleoperation systems under varying delays,” Robotica, vol. 33, no. 04, pp.
1003–1016, 2015.
[151] F. El Haoussi, E. Tissir, H. Satori, and F. Tadeo, “Robust stability anal-
ysis of teleoperation by delay-dependent neutral lmi techniques,” Applied
Mathematical Sciences, vol. 8, no. 54, pp. 2687–2700, 2014.
[152] E. Delgado, M. Dı́az-Cacho, D. Bustelo, and A. Barreiro, “Stability of tele-
operation systems under time-varying delays by using lyapunov-krasovskii
techniques,” IFAC Proceedings Volumes, vol. 44, no. 1, pp. 5347–5352, 2011.
[153] T. Namerikawa and H. Kawada, “Symmetric impedance matched teleopera-
tion with position tracking,” IEEE Conference on Decision and Control, pp.
4496–4501, 2006.
[154] A. Ghorbanian, S. Rezaei, A. Khoogar, M. Zareinejad, and K. Baghestan, “A
novel control framework for nonlinear time-delayed dual-master/single-slave
teleoperation,” ISA transactions, vol. 52, no. 2, pp. 268–277, 2013.
[155] A. Seuret and F. Gouaisbaut, “Wirtinger-based integral inequality: appli-
cation to time-delay systems,” Automatica, vol. 49, no. 9, pp. 2860–2866,
2013.
172
[156] X. Yang, C. Hua, J. Yan, and X. Guan, “An exact stability condition for
bilateral teleoperation with delayed communication channel,” IEEE Trans-
actions on Systems, Man, and Cybernetics: Systems, vol. 46, no. 3, pp.
434–439, 2016.
[157] J. Sun, Q.-L. Han, J. Chen, and G.-P. Liu, “Less conservative stability crite-
ria for linear systems with interval time-varying delays,” International Jour-
nal of Robust and Nonlinear Control, vol. 25, no. 4, pp. 475–485, 2015.
173
